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On Electromagnetic Waves, especially in relation to the 
Vorticity of the Impressed Forces ; and the Forced Vtbra" 
turns of Electromagnetic Systems. By Oliver Heavisidb. 

1. GUMMARY of Electromagnetic Connexions. — To avoid 
indistinctness^ I start with a short summary of Max- 
well's scheme, so far as its essentials are concerned, in the 
form given by me in January 1885 f. 

Two forces, electric and magnetic, £ and H, connected 
with the three fluxes,— electric displacement D, conduction- 
current C, and magnetic induction B ; thus 

B=/iH, C=AE, D=(c/47r)B. . . . (1) 

Two currents, electric and magnetic, V and G, each of 
. which is proportional to the curl or vorticity of the other force, 
not counting impressed ; thus, 

curl (H-h)=4wr, (2) 

curl (e-E) =47ra; (3) 

where e and h are the impressed parts of E and H. These 
currents are also directly connected with the corresponding 
forces through 

r=C + i), 0=B/47r (4) 

* See the opening sections of ''Electromagnetic Induction and its 
Propagation/* Electrician, Jan. 3, 1885, and after. 
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An auxiliary equation to exclude unipolar magnets^ viz. 

div.B=0, (5) 

expressing that B has no divergence. The most important 
feature of this scheme is the equation (3), as a fundamental 
equation, the natural companion to (2). 

The derived energy relations are not necessary, but are 
infinitely too useful to be ignored. The electric energy U, 
the magnetic energy T, and the dissipativity Q, all per unit 
volume, are given by 

U=iED, T=iHB/47r, Q=EC. ... (6) 

The transfer of energy W per unit area is expressed by a 
vector product, 

W=V(E-e)(H-h)/47r, .... (7) 

and the equation of activity per unit volume is 

er+hO=Q + U + t+div.W, .... (8) 

from which W disappears by integration over all space. 

The equations of propagation are obtained by eliminating 
either E or H between (2) and (3), and of course take difierent 
forms according to the geometrical coordinates selected. 

In a recent paper I gave some examples* illustrating the 
extreme importance of the lines of vorticity of the impressed 
forces, as the sources of electromagnetic disturbances. Those 
examples were mostly selected from the extended develop- 
ments which follow. Although, being special investigations, 
involving special coordinates, vector methods will not be used, 
it will still be convenient occasionally to use the black letters 
when referring to the actual forces or fluxes, and to refer to 
the above equations. The German or Gothic letters employed 
by Maxwell I could never tolerate, from inability to distin- 
guish one from another in certain cases without looking very 
bard. As regards the notation EC for the scalar product of 
E and C (instead of the quaternion —SEC) it is the obvious 
practical extension of EC, the product of the tensors, what 
EC reduces to when E and C are parallel, f 

* Phil. Mag. Dec. 1887, " On Resistance and Conductance Operators," 
§ 8, p. 487. 

t In the early part of my paper "On the Electromagnetic Wave- 
Surface," Phil. Mag. June 1886, 1 nave given a short introduction to the 
Algebra of vectors (not quaternions) in a practical manner, t*. e, without 
metaphysics. The result is a thoroughly practical working system. The 
matter is not an insignificant one, because the extensive use of vectors in 
mathematical physics is bound to come (the sooner the better), and my 
method fumisnes a way of bringing them in without any study of 
Quaternions (which are scarcely wanted in Electromagnetism, though 
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2. Plane Sheets of Impressed Force in a Nonconductiiig 
Dielectric, — We need only refer to impressed electric force e, 
as solutions relating to h are quite similar. Let an infinitely 
extended nonconducting dielectric be divided into two regions 
by an infinitely extended plane (a?, y), on one side of which, 
say the left, or that of — «, is a field of e of uniform intensity ^, 
but varying with the time. If it be perpendicular to the 
boundary, it produces no flux. Only the tangential compo- 
nent can be operative. Hence we may suppose that e is 
parallel to the plane, and choose it parallel to x. Then E, the 
force of the flux, is parallel to ^, of intensity E say, and the 
magnetic force, of intensity H, is parallel to y. Let e=:f(t) ; 
the complete solutions due to the impressed force are then 

E=fjLvB.z=-y{t-z/v) (9) 

on the right side of the plane, where « is + , and 

-.E=/it?H=-i/(* + «/i7) (10) 

on the left side of the plane, where ^ is — . In the latter case 
we must deduct the impressed force from E to obtain the 
force of the field, say F, which is therefore 

F=-/(0+i/(<+f). .... (11) 

The results are most easily followed thus. At the plane 
itself, where the vortex-lines of o are situated, we, by varying 
Cy produce simultaneous changes in H, thus, 

at the plane. This disturbance is then propagated both ways 
undistorted at the speed v= (/^)"*. 

On the other hand, the corresponding electric displacements 
are oppositely directed on the two sides of the plane. 

Since the line-integral of H is electric current, and the 
line-integral of e is electromotive force, the ratio of ^ to H is 
the resistance-operator of an infinitely long tube of unit area ; 
a constant, measurable in ohms, being 60 ohms in vacuum, 
or 30 ohms on each side. Why it is a constant is simply 

they may be added on), and allows us to work without change of nota- 
tion, especially when the yectors are in snecial type, as they should be, 
being entities of widely diifeient nature nrom scalars. I denote a vector 
by (say) E, its tensor by E, and its x^ y, z components, when wanted, by 
£j, E2, Eg. The perpetually occumng scalar product of two vectors 
requires no prefix. Tne prenx V of a vector product should be a special 
symbol 
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because the waves cannot return, as there is no reflecting 
barrier in the infinite dielectric. 

3. If the impressed force be confined to the region between 
two parallel planes distant 2a from one another, there are now 
two sources of disturbances, which are of opposite natures, 
because the vorticity of e is oppositely directed on the two 
planes, so that the left plane sends out both ways disturbances 
which are the negatives of those simultaneously emitted by 
the right plane. Thus, if the origin of z be midway between 

the planes, we shall have 

E=/*rH=-i/(«-^)+i/(«-"-±^) . (13) 

on the right side of the stratum of e, and 

-E=/.«H i/(<+£±^)+^<+^) . (U) 

on the left side. If therefore e vaiy periodically in such a 
way that 

f{t)^^f(t + 2a), (15) 

there is no disturbance outside the stratum, after the initial 
waves have gone ofi^, the disturbance being then confined to 
the stratum of impressed force. 

Decreasing the thickness of the stratum indefinitely leads to 
the result that the effect due to e=^/{t) in a layer of thickness 
dz Sit z=0 is, on the right side, 

H=-i{/('-0-/('-'^)} 

since /Acr^=l ; on the left side the + sign is required. 

We can now, by integration, express the effect due to 
e=^f(z, t), viz. 

In these, however, a certain assumption is involved, viz. that 
e vanishes at oo both ways, because we base the formulse upon 
(16), which concerns a layer of e on both sides of which e is 
zero. Now the disturbances really depend upon de/dz, for 
there can be none if this be zero. By (12) the elementary 
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dejdz through distance dz instantly produces 

at the place. If, therefore, e^f{zyi)y the H solution at any 
point consists of the positive waves coming from planes of 
dejdz on the left, producing, say, Hi, and of H, due to the 
negative waves from the pknes of defdz on the right side, 
making the complete solution 

HsHi + H„ ■! 



here 



This is the most rational form of solution, and includes the 
case of «=y(0 only* The former may he derived from it by 
effecting the integrations in (21) and (22) ; remembering in 
doing so that tlie differential coefficient under the sign of 
integration is not the complete one with respect to e^, as it 
occurs twice, but only to the second 2/, and further assuming 
that «=0 at infinity. 

4. Waves in a Conducting Dielectric. How to remove the 
Distortion due to the Conductivity. — Let us introduce a new 
physical property into the conducting medium, namely that 
it cannot support magnetic force without dissipation of energy 
at a rate proportional to the square of the force, a prop erty 
which is the magnetic analogue of electric conductivity. We 
make the equations (2) and (3) become, iip=id/dt, 

curlH«(47rA+g>)E, (23) 

— curlE=(47r^+/ip)H; .... (24) 

if there be no impressed force at the spot, where g is the 
new coefficient of magnetic conductivity, analogous to k. 
Let 

49ri/2c= ji, 4^g/2/jLz=q^y ^ 

E «€-»%, H =€-»%. ) 
Substitution in (23), (24) lead to 

curlHi=c(«+/?)Ei, (26) 

—curl El =/[*(— «+/>)H2 (27) 
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1{ 8=0y these are the equations of electric and magnetic force 
in a nonconducting dielectric. If therefore the new g be of 
such magnitude as to make ^=0^ we cause disturbances 
to be propagated in the conducting dielectric in identically 
the same manner as if it were nonconducting, but with a uni- 
form attenuation at a rate indicated by the time-factor e"*'. 

5. Undzstorted Plane Waves in a Conducting Dielectric, — 
Taking z perpendicular to the plane of the waves, we now 
have, as special forms of (23), (24), 

-^=(4,r*+cp)E, (28) 

-^=(4,r<;r + ^;,)H, (29) 

E being the tensor of E, parallel to «r, and H the tensor of H, 
parallel to y, and both being functions of z and t. 

Given E = Eo and H=Ho at time ^=0, functions of z only, 
decompose them thus, 

2/a=Eo+/.vHo, (30) 

2/3 =Eq — ftt;Ho (31) 

Here /i makes the positive and A the negative wave, and at 
time t the solutions are, due to the initial state, when 5=0, 

'Sl^e-^{f^{z^vt)+Mz + vt)}, . . . (32) 

fivB.:=€'-^\fi{z-'Vt)-f^{z + vt)}. . . . (33) 

The only diflference from plane waves in a nonconducting 
dielectric is in the uniform attenuation that goes on, due to 
the dissipation of energy, which is so balanced on the electric 
and magnetic sides as to annihilate the distortion the waves 
would undergo were s finite, whether positive or negative. 

6. Practical Application. Imitation of this Effect. — ^When 
I introduced * the new property of matter symbolized by the 
coefficient g, it was merely to complete the analogy between 
the electric and magnetic sides of electromagnetism. The 
property is non-existent, so far as I know. But I have more 
recently found how to precisely imitate its eflcct in another 
electromagnetic problem, also relating to plane waves, making 
use of electric conductivity to effect the functions of both k 
and gin §§4 and 5. In the case of § 5, first remove both 
conductivities, so that we have plane waves unattenuated and 
undistorted. Next put a pair of parallel wires of no resistance 
in the dielectric, parallel to z, and let the lines of electric force 

* See second footnote, p. 130. 
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terminate upon them, whilst those of magnetic force go round 
the wires. We shall still have these plane electromagnetic 
waves with curved lines of force propagated undistorted and 
unattenuated^ at the same speed v. If Y be the line-integral 
of £ across the dielectric from one wire to the other, and 49rO 
be the line-integral of H round either wire, we shall have 

-Tz-^P^> (84) 

-g = Si>V, (35) 

(34) taking the place of (29), and (35) of (28), with A and ^ 
both zero. Here L and S are the inductance and per- 
mittance of unit length of the circuit of the parallel wires^ 
and t;=(LS)"*. 

Next let the wires have constant resistance R per unit 
length to current in them, and let the medium between them 
be conducting (to a very low degree), making K the con- 
ductance per unit length across from one wire to the other. 
We then turn the last equations into 

-|1=(R+Lp)0, .... (86) 

-g=(K+Sp)V, .... (37) 

and have a complete imitation of the previous unrealproblem. 
The two dissipations of energv are now due to II in the 
wires, and to K in the dielectric, it being that in the wires 
which takes the place of the unreal magnetic dissipation. 
The relation R/L=K/S, which does not require excessive 
leakage when the wires are of copper of low resistance, 
removes the distortion otherwise suffered bj the waves. I 
have, however, found that when the alternations of current 
are very rapid, as in telephony, there is very little distortion 
produced by copper wires, even without the leakage required 
to wholly remove it, owing to E/Lw becoming small, njiir 
being the frequency ; an effect which is greatly assisted by 
increasing the inductance (see Note A,p. 151). Of course there 
is little resemblance between this problem and that of the long 
and slowly-worked submarine cable, whether looked at from 
the physical side or merely from the numerical point of view, 
the results being then of different orders of magnitude. A 
remarkable misconception on this point seems to be somewhat 
generally held. It seems to be imagined that self-induction 
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is harmful* to long-distance telephony. The precise contrary 
is the case. It is the very life and soul of it, as is proved both 
by practical experience in America and the Continent on very 
long copper circuits, and by examining the theory of the 
matter. I have proved this in considerable detail f ; but they 
will not believe it. So far does the misconception extend that 
it has perhaps contributed to leading Mr. W. H. Preece to 
concluae that the coefficient of self-induction in copper circuits 
is negligible (several hundred times smaller than it can pos- 
sibly be), on the basis of his recent remarkable experimental 
researches. 

The following formula, derived from my general formulae J, 
will show the rSle played by self-induction. Let B and L be 
the resistance and inductance per unit length of a perfectly 
insulated circuit of length I, short-circuited at both ends. 
Let a rapidly sinusoidal impressed force act at one end of 
ampUtude Cq, and let Cq be the amplitude of the current at the 
distant end. Then, if the circuit be very long, 

where v is the speed (LS)"*= (/«?)"*, provided R/Ln be 
small, say i. It may be considerably greater, and yet allow 
(38) to be nearly true. We can include nearly the whole 
range of telephonic frequencies by using suspended copper 
wires of low resistance§. 

It is resistance that is so harmful, not self-induction ; as, in 
combination with the electrostatic permittance, it causes 
immense distortion of waves, unless counteracted by increasing 
the inductance, which is not often practicable (see Note B, 
p. 152). 

7. Distorted Plane Waves in a Conductififf Dielectric. — 
Owing to the fact that, as above shown, we can fully utilize 
solutions involving the unreal g, by changing the meaning of 
the symbols, whilst still keeping to plane electromagnetic 
waves, we may preserve g in our equations (28) and (29), 
remembering that H has to become 0, E become V, 47rA 

♦ W. H. Preece, F.R.S., " On the Coefficient of Self-induction of 
Copper Wires,*' B. A. Meeting, 1887. 

T " El. Mag. Ind. and its Propagation," Electrician, Arts. xl. to 1. (1887). 

X See the sinusoidal solutions in Part II. and Part V. of " On the 
Self-induction of Wires," Phil. Mag. Sept. 1886 and Jan. 1887. 

§ The explanation of the ihv dividing €q in (38), instead of the Lv we 
might expect from the fiv resistance-operator of a tube of unit section 
in&iitely long one way only, is that, on arrival at the distant end of the 
line, the current is immediately doubled in amplitude by the reflected 
wave. The second and following reflected waves are negligible, on 
account of the length of the line. 
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become K, c become S, i'lrg become R, and /a become L, 
when making the application to the possible problem ; whilst, 
when dealing with a real conducting dielectric, g has to 
be zero. 

Required the solutions of (28) and (29) due to any initial 
states Bq and Hq, when s is not zero. Using the notation 
and transformations of (25), (or direct from (26), (27)), we 
produce 

-^=<i+p)Er, .... (39) 



from which 



-^-=f*(-'+P)^ii • • • (40) 
«*§'=(p'-'')Hi, .... (41) 



with the same equation for E^. 

The complete solution may be thus described. Let, at time 
^=0, there be H = Ho through the small distance a at the 
origin. This immediately splits into two plane waves of half 
the amplitude, which travel to right and left respectively at 
speed Vy attenuating as they progress, so that at time t later, 
when they are at distances ±vtiTom the origin, their ampli- 
tndes equal ^^^_^,^ ^^2) 

with corresponding E's, viz. 

i/At?Ho€"** and — ^/lmjIIoC-*', . . . (43) 

on the right and left sides respectively. These extend 
through the distance a. Between them is a diffused dis- 
turbance, given by 

in which v^t^ > z^. 

In a similar manner, suppose initially E=Eo through 
distance a at the origin. Then, at time t later, we have two 
plane strata of depth a at distance vt to right and left respec- 
tively, in which 

E=Po€-'«'=±At^H, (46) 

the + sign to be used in the right-hand stratum, the — in 
the left. And, between them, the diffused disturbance 
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given by 

Knowing thus the effects due to initial elements of Eq and 
Ho, we have only to integrate with respect to z to find the 
solutions dae to any arbitrary initial distribntions. I forbear 
from giving a detailed demonstration, leaving the satisfaction 
of the proper conditions to be the proof of (42) to (48) ; 
since, although they were very laboriously worked out by 
myself, yet, as mathematical solutions, are more likely to have 
been given before in some other physical problem than to be 
new. 

Another wajr of viewing the matter is to start with «=0, 
and then examine the effect of introducing s, either + or — . 
Let an isolated plane disturbance of small depth be travelling 
along in the positive direction undistorted at speed v. We 
have E=/AvH in it. Now suddenly increase k, making s 
positive. The disturbance still keeps moving on at the same 
speed, but is attenuated with greater rapidity. At fche 
same time it leaves a tail behind it, the tip of which 
travels out the other way at speed v, so that at time ty 
after commencement of the tailing, the whole disturbance 
extends through the distance 2vt. In this tail H is of the 
same sign as in the head, and its integral amount is such 
that it exactly accounts for the extra-attenuation suffered 
by H in the head. On the other hand, E in the tail is 
of the opposite sign to E in the head ; so that the integral 
amount of E in head and tail decreases faster. As a special 
case, let, in the first place, there be no conductivity, k=0 and 
^=0. Then, keeping g still zero, the effect of introducing k 
is to cause the above-described effect, except that as there was 
no attenuation at first, the attenuation later is entirely due 
to *, whilst the line-integral of H along the tail, or 

including H in the head, remains constant. This is the per- 
sistence of momentum. 

If, on the other hand, we introduce g, the statements made 
regarding H are now true as regards E, and conversely. The 
tail is of a different nature, E being of same sign in the tail as 
in the head, and H of the opposite sign. Hence, of course, 
when we have both k and g of the right amounts, there is no 
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tailing. This subject is, however, for better studied in the 
telegraphic application, owing to the physical reality then 
existent, than in the present problem, and also then by 
elementary methods''*'. 

8. Owing to the presence of djdz in (45) and (47) we are 
enabled to give some integral solutions in a finite form. 
Thns, let H=Ho constant and E=0 initially on the whole of 
the negative side of the origin, with no E or H on the posi- 
tive side. The E at time t kter is got by integrating (45), 
giving 

which holds between the limits z=i±vty there being no dis- 
turbance beyond, except the Hq on the left side. When ^=0 
and zjvt is small, it reduces to 

This is the pure difiusion- solution, suitable for good con- 
ductors. 

K initially E=Eo, constant, on the left side of the origin, 
and zero on the right side, then at time t the H due to it is, 

by (48), 

The result of taking c=0, ^=0, in this formula is zero, as 
we may see by observing that c in (49) becomes fi in (51). 
It is of course obvious that, as the given initial electric field 
has no ener^ if c=0, it can produce no effect later. 

The H solution corresponding to (49) cannot be finitely 
expressed. It is 

which, integrated, gives 

H=iHoe-.'[^-f (Jo-fJO + |(f yi (-fJ.-J,) 

* '< Electro-magnetic Induction and its Propagation," Electrician. Arts. 
xlii. to I. (1887). 
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idiere an tbe J'0 operate on ^ V--1 ; thus, e. g. (Bessel's)^ 

3%^3z{st V^). 

Bui a mach better fonn than (52), snitable for calcnlating 
die shape of the wave speedily, especially at its start, may be 
got by arranging in powers of z— r^, thns 



+ f/'(l-S*+--}' • <53) 



|3 

tme when z<vtj "^here/ufff &c. are functions of i only, of 
which the first five are given by 






At the origin, H is given by 

H=iHo€-^^, (54) 

and is therefore permanently ^Hq when ^=0. At the front 
of the wave, where z^vt^ 

H=iHoe-^* (55) 

Now, to represent the E solution corresponding to (51), we 
have only to turn Ho to Eq in (53), and change the sign of s 
throughout, i. e. explicit, and in the /'s. Similarly in (52). 
Thus, at the origin, 

E=Po€-^^ (56) 

and at the front of the wave 

E=Po€-«' (57) 

9. Again, let H= JHo on the left side, and H= — ^Ho on 
the right side of the origin, initially. The E that results from 
each of them is the same, and is half that of (49) ; so that 
(49) still expresses the E solution. This case corresponds to 
an initial electric current of surface-densitv Ho/47r on the 
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2=0 plane^ with the full magnetic field to correspond, and 
from it immediately follows the E solution due to any initial 
distribution of electric current in plane layers. 

Owing to H being permanently ^Hq at the origin in the 
case (49), (54), when ^=0, we may state the problem thus : 
An infinite conducting dielectric with a plane boundary is 
initially free from magnetic induction, and its boundary 
suddenly receives the magnetic force Ho= constant. At time 
t later (49) and (52) or (53) give the state of the conductor 
at distance z<vt from the boundary. In a good conductor 
the attenuation at the front of the wave is so enormous that 
the diffusion solution (50) applies practically. It is only in 
bad conductors that the more complete form is required. 

10. Efect of Impressed Force, — ^We can show that the initial 
effect of impressed force is the same as if the dielectric were 
nonconducting. In equations (23), (24), let |?=m*, where 
n27r= frequency of alternations, supposing e to alternate 
rapidly. By increasing n we can make the second terms on 
the right sides be as great multiples of the first terms as we 
please^ so that in the limit we have results independent of 
k and gr, in this respect, that as the frequency is raised in- 
finitely, the true solutions tend to be infinitely nearly repre- 
sented by simplified forms, in which k and g play the part of 
small quantities. An inspection of the sinusoidal solution for 
plane waves shows that E and H get into the same phase, and 
that k and g merely present themselves in the exponents of 
factors representing attenuation of amplitude as the waves 
pass away from the seat of vorticity of impressed force. 

Consequently, in the plane problem, the initial effect of an 
abrupt discontinuity in e^ say «=constent on the left, and zero 
on the right side of the plane through the origin, is to pro- 
duce 

B.-^el2fjLV (58) 

all over the plane of vorticity; and 

E=+ie (59) 

on its left and right sides respectively. We may regard the 
plane as continuously emitting these disturbances to right 
and left at speed v so long as the impressed force is in opera- 
tion, but their subsequent history can only be fully represented 
by the tail formulsB already given. 

Irrespective of the finite curvature of a surface, any 
element thereof may be regarded as plane. Therefore every 
element of a sheet of vortex lines of impressed force acts in 
the way just described as being true of the elements of an 
infinite plane sheet. But it is only in comparatively simple 
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cases, of which I shall give examples later, that the subse- 
quent course of events does not so greatly complicate matters 
as to render it impossible to go into details after the first 
moment. On first starting the sheet, it becomes a sheet of 
magnetic induction, whose Imes coincide with the vortex lines 
of impressed force. If / be the measure of the vorticihr per 
unit Bjrea.y f/2fiv is the intensity of the magnetic force, in the 
imaginary good conductor of no permittivity, this is zero, 
owing to V being then assumed to be infinite. 

Notice that whilst the vorticity of e produces magnetic 
induction, that of h produces electric displacement, and whilst 
in the former case E is made discontinuous at a plane of finite 
vorticity, in the latter case it is H that is initially discon- 
tinuous. 

11. True Nature of Diffusion in Conductors. — The process 
of diffusion of magnetic induction in conductors appears to 
be fundamentally one of repeated internal reflexions with 
partial transmission. Thus, let a plane wave Ex=/L(t7H| 
moving in a nonconducting dielectric strike flush an ex- 
ceedingly thin sheet of metal. Let Esss/it^Hs be the trans- 
mitted wave in the dielectric on the other side, and £3= — /itvHs 
be the reflected wave. At the sheet we have 

Ei + E8=E3, (60) 

Hi + H8=H2+47rVE2, (61) 

if ki be the conductivity of the sheet of thickness z. Therefore 
Ea_Hg_ E|+E3 _ 1 .^^ 

El Hj El l^-2irfik^zv ' ' ' ^ ^ 

H is reflected positively and E negatively. A perfect con- 
ducting barrier is a perfect reflector, it doubles the magnetic 
force and destroys the electric force on the side containing 
the incident wave, and transmits nothing. 

Take ii = (1600) for copper, and /itvsS x 10^® centim. 

Then we see that to attenuate the incident wave Hj to iHj 
by transmission through the plate, requires 

5= {iir^ikio)' = ^— X 10-» centim., . (63) 

OTT 

which is a very small fraction of the wave-length of visible 
light. The H disturbance is made §Hi, the E reduced to 
^Ei on the transmission side. There is, however, persistence 
of H, although there is dissipation of E. To produce dissi- 
pation of H with persistence of E requires the plate to be a 
magnetic, not an electric conductor. 

Now, imagine an immense number of such plates to be 
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packed closely together, with dielectric between them, forming 
a composite dielectric conductor, and let the outermost sheet 
be struck flush by a plane wave as above. The first sheet 
transmits ^Hi, the second JHi, the third ^ Hj, and so on. 
This refers to the front of the wave, going into the composite 
conductor at speed v. It is only necessary to go a very short 
distance to attenuate the front of the wave to nothing ; the 
immense speed of propagation does not result in producing 
any sensible immediate effect at a distance, which comes on 
quite slowly as the complex result of all the internal re- 
flexions and transmissions between and at the sheets. Observe 
that there is an initial accumulation of H, so to speak, at the 
boundary of the conductor, due to the reflexion. [Example : 
the current-density may be greater at the outermost layer* 
of a round wire when the current is started in it than the final 
value, and the total current in the wire increases faster than 
if it were constrained to be uniformly distributed.] 

Thus a good conductor may have very considerable per- 
mittivitj, much greater than that of air, and yet show no 
signs of it, on account of the extraordinary attenuation pro- 
duced by the conductivity. Now this is rather important 
from the theoretical point of view. It is commonly assumed 
that good conductors, e. g. metals, are not dielectrics at all. 
This makes the speed of propagation of disturbances through 
them infinitely great. Sucn a hypothesis, however, should 
have no place in a rational theory, professing to represent 
transmission in time by stresses in a medium occupying the 
space between molecules of gross matter. But by admitting 
tnat not only bad conductors, but all conductors, are also 
dielectrics, we do away with the absurdity of infinitely rapid 
action through infinite distances in no time at all, and make 
the method of propagation, although it practically differs so 
greatly from that m a nonconducting dielectric, be yet 
fundamentally the same, with its characteristic features masked 
by repeated internal reflexions with loss of energy. We need 
not take any account of the electric displacement in actual 
reckonings of the magnitude of the effects which can be 
observed in the case of good conductors^ but it is surely a 
mistake to overlook it when it is the nature of the actions 
involved that is in question. (See Note 0, p. 153). 

Why conductors act as reflectors is quite another question, 
which can only be answered speculatively. If molecules are 
perfect conductors, they are perfect reflectors, and if they 
were packed quite closely, we should nearly have a perfect 
conductor in mass, impenetrable by magnetic induction ; and 

• « On the S I. of Wires/' Part I. Phil. Mag. August 1886. 
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we know that cooling a metal and packing the molecules 
closer does increase its conductivity. But as they do not 
form a compact mass in any substance, they must always 
allow a partial transmission of electromagnetic waves in the 
intervening dielectric medium, and this would lead to the 
diffusion method of propagation. We do not, however, ac- 
count in this way for the dissipation of energy, which requires 
some special hypothesis. 

The diflFusion of heat, too, which is, in Fourier's theory, 
done by instantaneous action to infinite distances, cannot be 
physically true, however insignificant may be the numerical 
departures from the truth. What can it be but a process of 
radiation, profoundly modified by the molecules of the body, 
but still only transmissible at a finite speed? The very 
remarkable fact that the more easily penetrable a body is to 
magnetic induction the less easily it conducts heat, in general, 
is at present a great difficulty in the way, though it may 
perhaps turn out to be an illustration of electromagnetic 
principles eventually. 

12. Infinite Series of Refected Waves, Remarkable Iden- 
tities. Realized Example. — When, in a plane-wave problem, 
we confine ourselves to the region between two parallel planes, 
we can express our solutions in Fourier series, constructed so 
as to harmonize with the boundary conditions which repre- 
sent the efl^ect of the whole of the ignored regions beyond the 
boundaries in modifying the phenomena occurring within the 
limited region. Now the effect of the boundaries is usually 
to produce refiected waves. Hence a solution in Fourier series 
must usually be decomposable into an infinite series of separate 
solutions, coming into existence one after the other in time if 
the speed v be finite, or all in operation at once from the first 
moment if the speed be made infinite (as in pure diffusion). 
If the boundary conditions be of a simple nature, this decom- 
position can sometimes be easily explicitly represented, indi- 
cating remarkable identities, of which the following investi- 
gation leads to one. We may either take the case of plane 
waves in a conducting dielectric bounded by infinitely con- 
ductive planes, making E=0 the boundary condition ; or, 
similarly, by infinitely inductive planes producing H = at 
them. But the most practical way, and the most easily fol- 
lowed, is to put a pair of parallel wires in the dielectric, and 
produce a real problem relating to a telegraph-circuit. 

Let A and B be its terminations at 2r=0 and « = / respec- 
tively. Let them be short-circuited, producing the terminal 
conditions V=0 at A and B in the absence of impressed force 
at either place. Now, the circuit being free from charge 
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and current initiallj, insert a steady impressed force eo ^^ ^* 
Required the effect, both in Fourier series and in detail; 
showing the whole history of the phenomena that result. 

Equations (36) and (37) are the fundamental connexions 
of y and C at any distance z from A. Let B, L^ K, S be 
the resistance, inductance, leakage-conductance, and permit- 
tance per unit length of circuit, and 

«i=R/2L, «j=K/2S, g'=«i + «s, *o=*i""*ji • (6^) 

\=(mV-0* (65) 

It may be easily shown, by the use of the resistance ope- 
rator, or by testing satisfaction of conditionS| that the required 
solutions are 

■IT \j "^O'^ m sin nw . r ^ 0" . » T ,nn-^ 

V=Vo-x2g^-j-^e-«'[cosA<+28inX*J, . . . (66) 

-2W'-^J, . . (67) 

where m^jirjly and j includes all integers from 1 to oo ; 
whilst Vq and Co represent the final steady V and 0, which 



are 



Vo=.o(co8mo.-^), .... (68) 
Oo--^^8inm^+^jj— 3^, . . . (69; 



where m^*= — RK. 



Now if the circuit were infinitely long both ways and were 
charged initially to potential-difference ie^ on the whole of 
the negative side of A, with no charge on the positive side, 
and no current anywhere, the resulting current at time t later 
at distance z from A would be 

C.= j^e-»'J„{^(^-t;»<»)»}, . . (70) 

by §§ 7 and 8; and if, further, K=0, V at A would be perma- 
nently Bqj which is what it is in (66). Hence the C solutioQ 

b 
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(67) can be finitely decomposed into separate solutions of the 
form (70) in the case of perfect insulation, when (67) takes 
the form 

C=^(i«€-««0 + |je-«'2cosm^^sinV, • (71) 

where q=si=So, by the vanishing of s^ in (64). 

Therefore (70) represents the real meaning of (71) from 
*=0 to l/vy provided vt>z. But on arrival of the wave Ci at 
B, V becomes zero, and C doubled by the reflected wave that 
then commences to travel from B to A. This wave may be 
imagined to start when t=0 from a point distant I beyond B, 
and be the precise negative of the first wave as regards V and 
the same as regards C. Thus 

C,= ^e-«'Jo{f[(2i-z)»-t;»<»]*}, . . (72) 

expressei3 the second wave, starting from B when ^=Z/t?, and 
reaching A when t=2l/v. The sum of Cj and C^ now ex- 
presses (71), where the waves coexist, and Ui alone expresses 
(71) in the remainder of the circuit. 

The reflected wave arising when this second wave reaches 
A may be imagined to start when *=0 from a point distant 
21 from A on its negative side, and be a precise copy of the 
first wave. Thus 

expresses the third wave ; and now (71) means Ci + C3 + Oa in 
those parts of the circuit reached by C3 and Oi + C^ in the 
remainder. 

The fourth wave is, similarly, 

C,= ;ge-«'J„{f[(4i-.)«-«»«»]}, . . (74) 

starting from B when t=3l/v, and reaching A when <=4Z/t?. 
And so on, ad in/* 

* It is not to be expected that in a real telegraph-circuit the successive 
waves have abrupt fronts, as in the text. There are causes in operation 
to prevent this, and round off the abruptness. The equations connecting 
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If we take L=0 in this problem, we make t7=Qo, and 
bring the whole of the waves into operation immediately. 
(70) becomes 

and similarly for C2, C5, &c. In this simplified form the 
identity is tliat obtained by Sir W. Thomson* in connexion 
with his theory of the submarine cable; also discussed by 
A. Cayley* and J. W. L. Glaisherf. 

In order to similarly represent the history of the establish- 
ment of Vq, we require to use the series (53) or some equi- 
valent. In other respects there is no difi^erence. 

Whilst it is impossible not to admire the capacity possessed 
by solutions in Fourier series to compactlj' sum up the effect 
01 an infinite series of successive solutions, it is greatly to be 
regretted that the Fourier solutions themselves should be of 
such difficult interpretation. Perhaps there will be discovered 
some practical way of analyzing them into easily interpretable 
forms. 

Some special cases of (66), (67) are worthy of notice. 
Thus V is established in the same way when R=0 as when 
K=:0, provided the value of K/S in the first case be the same 
as that of R/L in the second. CaUing this value 2^, we have 
in both cases 

V=,.(l- _ 2f2,-,*2?^(co8X<+ J-sin lay (76) 

But the current is established in quite different manners. 
When it is K that is zero, (71) is the solution ; but if R vanish 
instead, then (67) gives 

^ e^t , eJSd(^ zV 2^oK _.^co8mi:r ^. 



/mV ^\sinXe ) .__. 



V and G express the first approximation to a complete theory. Thus the 
wires are assumed to be instantaneously penetrated by the magnetic in- 
duction as a waye passes over their surfaces, as if the conductors were 
infinitely thin sheets of the same resistance. It is only a very partial 
remedy to divide a wire into several thinner wires, unless we at the same 
time widely separate them. If kept quite close it would^ with copper, be 
no remedy at all. 

* Math, and Physical Papers, vol. ii. Art. Ixxii. ; with Note by A. 
CayW. 

t Phil. Mag. June 1874. 
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C now monnts up infinitely. But the leakage-current, which 
is KV, becomes steady, as (76) shows. 

In connexion with this subject I should remark that the 
non-distortional circuit produced by taking R/L=:K/S is of 
immense assistance, as its properties can be investigated in 
full detail by elementary methods, and are most instructive in 
respect to the distortional circuits in question above *. 

13. Modifications made hy Terminal Apparatus, Certain 
cases easily brought to full realization, — Suppose that the ter- 
minal conditions in the preceding are V = — ZqC and V=ZiC, 
Zo and Z| being the " resistance operators " of terminal appa- 
ratus at A and B respectively. In a certain class of cases the 
determinantal equation so simplifies as to render full realiza^ 
tion possible in an elementary manner. Thus, the resistance- 
operator of the circuit, reckoned at A, is f 

^_>7 ■ (R-l-Lp)Z(tanmO/mZ-hZi .„^. 

'^""^^■*" l-h(K + Sp)/Zi(tanm/)/mZ' ' ^'^^ 

m«=-(R+Lp)(K + Sp) (79) 

That is, «=0C is the linear differential equation of the current 
at A. Now, to illustrate the reductions obviously possible, 
let ZqsO, and 

Zi=niZ(R+Ljt>) (80) 

This makes the apparatus at B a coil whose time-constant is 
L/R, and reduces to 

*-(a+W(!^' +„,){i-„Si'^}-, . (81) 

SO that the roots of 0=sO are given by 

R + Lp =0 (82) 

tanmZ + mZn, = 0; (83) 

I. e. a solitary root jt>= — R/L and the roots of (83), which is 
an elementary well-known form of determinantal equation. 

The complete solution due to the insertion of the steady im- 
pressed force Cq at A will be given by J 

* " Electromagnetic Induction and its Propagation/' Arts. xl. to 1. 
t " On the Self-induction of Wires," Part IV. 
X lb. Parts ni. and IV. Phil. Mag. Oct. and Nov. 1886 ; or « On Re- 
sistance and Conductance Operators/' Phil. Mag. Dec. 1887, § 17, p. 600. 
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V=Vo+2.o«^'-h(p^), .... (84) 

C=Oo+2<^tr€»"+(p^), .... (85) 

where the summations range over all the /) roots of 0=0, 
subject to (79); whilst u and w are the V and C functions in 
a normal system expressed by 

t£?=cosm2:, wssmsin m2:-r-(K + Sp); • . (86) 

and Vo, Cq are the final steady V and C. In the case of the 
solitary root (82) we shall find 

-p^=mO. + n,), (87) 

but for all the rest 

Realizing (84), (85) by pairing terms belonging to the two 
p^s associated with one rr^ through (79), we shall find that 
(66), (67) express the solutions, provided we make these 
simple changes: — Divide the general term in both the summa- 
tions by 

1 + ni cos' ml J 

and the term following 0© outside the summation in (67) by 
{1 +wi). Of course the m's have now different values, as per 
(83), and V©, Cq are different. 

14. There are several other cases in which similar reductions 
are possible. Thus, we may have 

Zo=no(R+Lp)+no'(K + Sp)"S 
Z, = 7ii (R + Lp) + ni'(K + Sp)-"S 

simultaneously, n©, tiq', Wj, n^ being any lengths. That is, 
apparatus at either end consisting of a coil and a condenser in 
sequence, the time-constant of the coil being L/R and that of 
the condenser S/K. Or, the condenser may be in parallel 
with the coil. In general we have, as an alternative form of 
0=0, equation (78;, 



tanm?_ (Zp + Z^)] (R+Lp)/f 



-1 



ml l-»i»?ZoZi^(R+Lp)Z^-'' ' ' ^^^' 
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from which we see that when 

Zo „^j Zi 



and 



(R + Lp)l (R+Lp)Z 

are functions of m/, equation (89) finds the value of m^ imme- 
diately, i. e. not indirectly as functions of p. In all such 
cases, therefore, we may advantageously have the general 
solutions (80), (81) put into the realized form. They are 



I 



xr \r 2^0 V* (^^^ ^''^ "*" ^^ ^ ^^^ mz)7ne^9*(co9 + qX' ' sin)X< .^^v 

y = va — -z ^ ^ r-, . (yu) 

sec^ 0(m^ + RK) ( 1— cos^ ml jt— k tan ml I 

\ a(ml) / 

p__p 2^0 y (cos m^r— tan sin mz)6'-^*K •{cos-^(2g2X) "^(X^ -f- ^^p) sin \Xt ^g^. 
~ ^ Z same denominator ' ^ "^ 

where q, X, «o> *3 ^^^ ^ i^ (6^)> (^5)* The differentiation 
shown in the denominator is to be performed upon the function 
of ml to which tan ml is equated in (89) after reduction to the 
form of such a function in the way explained ; and depends 
upon Zq thus, 

tan^=-m-i(K + S;>)Zo, "i 
sec2^=l+m-%3(K + Sp)S p ' ' ' (^^> 

which are also functions of ml. It should be remarked that 
the terms depending upon solitary roots, occurring in the 
case m*=0, are not represented in (90), (91). They must be 
carefully attended to when they occur. 



Note A. 

An electromagnetic theory of light becomes a necessity, the 
moment one realizes that it is the same medium that transmits 
electromagnetic disturbances and those concerned in common 
radiation. Hence tTie electromagnetic theory of MaxweU, the 
essential part of which is that the vibrations of light are really 
electromagnetic vibrations (whatever they may be), and which is 
an undulatory theory, seems to possess fer greater intrinsic pro- 
bability than the undulatory theory, because that is not an electro- 
magnetic theory. Adopting, then, Maiweirs notion, we see that 
the only difference between the waves in telephony (apart from 
the distortion and dissipation due fo resistance) and Hght- waves is 
in the wave-length ; and the fact that the speed, as calculated by 
electromagnetic data, is the same as that of light, furnishes a 
powerful argument in favour of the extreme relative simplicity of 
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constitution of the ffither, as compared with common matter in 
bulk. There is observational reason to believe that the sun some- 
times causes magnetic disturbances here of the ordinary kind. It 
is impossible to attribute this to any amount of increased activity 
of emission of the sun so long as we only think of common radia- 
tion. But, bearing in mind the long waves of electromagnetism, 
and the constant speed, we see that disturbances from the sun 
may be hundreds or thousands of miles long of one kind (i. e, 
without alternation), and such waves, in passing the earth, would 
cause magnetic " storms," by inducing currents in the earth's 
crust and in telegraph-wires. Since common radiation is ascribed 
to molecules, we must ascribe the great disturbances to move- 
ments of large masses of matter. 

There is nothing in the abstract electromagnetic theory to indi- 
cate whether the electric or the magnetic force is in the plane of 
polarization, or rather, surface of polarization. But by taking a 
concrete example, as the reflexion of light at the boundary of trans- 
parent dielectrics, we get Fresnel's formula for the ratio of reflected 
to incident wave, on the assumption that his '* displacement " 
coincides with the electric displacement ; and so prove that it is the 
magnetic flux that is in the plane of polarization. 

Note B. 

I give these numerical examples : — 

Take a circuit 100 kilom. long, of 4 ohms and | microf. per 
Kilom. and no inductance in the first place, and also no leakage in 
any case. Short-circuit at beginning A and end B. Introduce at 
A a sinusoidal impressed force, and calculate the amplitude of the 
current at B by the electrostatic theory. Let the ratio of the full 
steady current to the amplitude of the sinusoidal current be p, 
and let the frequency range through 4 octaves, from ns=1250 to 
w =20,000 ; the frequency being w/27r. The values of p are 

1-723, 3-431, 10-49, 68-87, 778. 

It is barely credible that any kind of speaking would be possible, 
owing to the extraordinarily rapid increase of attenuation with the 
frequency. Little more than murmuring would result. 

Now make L=2 (very low indeed), L being inductance per 
centim. Calculate by the combined electrostatic and magnetic 
formulsD. The corresponding figures are 

1-567, 2-649, 5-587, 10-496, 16-607. 

The change is marvellous. It is only by the preservation of the 
currents of great frequency that good articulation is possible, and 
we see that even a very little self-induction immensely improves 
matters. There is no " dominant " frequency in telephony. What 
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•hotild be aimed at is to get carrents of any frequency lepiodaced 
at B in their proper proportions, attenuated to the same extent. 
Change L to 5. Eesults : — 

1-437, 2-251, 3176, 4-169, 4-670. 

Good telephony is now possible, though much distortion remains. 
Increase L to 10. Besults : — 

1-235, 1-510, 1-729, 1-825, 1-854. 

This is first class, showing approximation towards a non-distor- 
tional circuit. Now this is all done by the self-induction carrying 
forward the waves undistorted (relatively) and also with much less 
attenuation. 

I should add that I attach no importance to the above figures 
in point of exactness. The theory is only a first approximation. 
In order to emphasize the part played by self-induction, I have 
stated that by sufficiently increasing it (without other change, if 
this could be possible) we could make the amplitude of current at 
the end of an Atlantic cable greater than the steady current (by 
the jtMm-resonance). 

Note C. 

In Sir W. Thomson's article on the " Velocity of Electricity " 
(Nichols's Cychpcedia^ 2nd edition, 1860, and Art. Ixxxi. of 
* Mathematical and Physical Papers,' vol. ii.) is an account of the 
chief results published up to that date relating to the *' velocity " 
of transmission of electricity, and a very explicit statement, except 
in some respects as regards inertia, of the theoretical meaning to 
be attached to this velocity under different circumstances. This 
article is also strikingly illustrative of the remarkable contrast 
between Sir W. Thomson's way of looking at things electrical (at 
least at that time) and Maxwell's views ; or perhaps I should say 
Maxwell's plainly evident views combined with the views which 
his followers have extracted from that mine of wealth * Maxwell,' 
but which do not lie on the surface. [As charity begins at home, 
I may perhaps illustrate by a personal example the difference 
between the patent and the latent, in Maxwell. If I should claim 
(which I do) to have discovered the true method of establishment 
of current in a wire — that is, the current starting on its boundary, 
as the result of the initial dielectric wave outside it, followed by 
diffusion inwards, — I might be told that it was all " in Maxwell." 
So it is ; but entirely latent. And there are many more things in 
Maxwell which are not yet discovered.] This difference has been 
the subject of a most moving appeal from Prof. Q-. F. Fitzgerald, 
in * Nature,' about three years since. There ifeally seemed to be 
substance in that appeal. For it is only a master-mind that can 
adequately attack the great constructive problem of the SBther, and 
its true relation to matter ; and should there be reason to believe 
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that the master is on the wrong track, the result must be, as Prof/ 
Fitzgerald observed (in effect) disastrous to progress. Now Max- 
well's theory and methods have stood the test of time, and showed 
themselves to be eminently rational and developable. 

It is not, however, with the general question that we are here 
concerned, but with the different kinds of " velocity of electricity." 
As Sir "W. Thomson points out, his electrostatic theory, by ignoring 
electromagnetic induction, leads to infinite speed of electricity 
through the wire. Interpreted in terms of Maxwell's theory, this 
speed is not that of electricity through the wire at all, but of the 
waves through the dielectric, guided by the wire. It results, then, 
from the assumption |is=0, destroying inertia (not of the electric 
current, but of the magnetic field), and leaving only forces of 
elasticity and resistance. 

But he also points out another way of getting an infinite speed, 
when we, in the case of a suspended wire, not of great length, 
ignore the static charge. This is illustrated by the pushing of 
incompressible water through an unyielding pipe, constraining the 
current to be the same in all parts of the circuit. This, in Max- 
well's theory, amounts to stopping the elastic displacement in the 
dielectric, and so making the speed of the wave through it in- 
finite. As, however, the physical actions must be the same, 
whether a wire be long or short, the assumption being only war- 
rantable for purposes of calculation, I have explained the matter 
thus. The electromagnetic waves are sent to and fro with such 
great frequency (owing to the shortness of the line) that only the 
mean value of the oscillatory Y at any part can be perceived, and 
this is the final value ; at the same time, by reason of current in 
the negative waves being of the same sign as in the positive, the 
current C mounts up by little jumps, which are, however, packed 
so closely together as to make a practically continuous rise of 
current in a smooth curve, which is that given by the electro- 
magnetic theory. This curve is of course practically the same all 
over the circuit, because of the little jumps being imperceptible. 

But in any case this speed is not the speed of electricity through 
the wire, but through the dielectric outside it. Maxwell remarked 
that we know notlung of the speed of electricity in a wire sup- 
porting current; it may be an inch in an hour, or immensely 
great. This is on the assumption, apparently, that the electric 
current in a wire really consists in the transfer of electricity 
through the wire. I have been forced, to make Maxwell's scheme 
intelligible to myself, to go further, and add that the electricity may be 
standing still, which is as much as to say that there is no current, 
in a literal sense, inside a conductor. [The slipping of electrification 
over the surface of a wire is quite another thing. That is merely 
the movement of the wave through the dielectric, guided by the 
wire. It occurs in a non-distortional circuit, owing to the absence 
of tailing, in the most plainly evident manner.] In other words, 
take Maxwell's definition of electric current in terms of magnetic 
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force as a basis, and ignore the imaginary fluid behind it as being 
a positive hindrance to progress, as soon as one leaves the elemen- 
tary field of steady currents and has to deal with variable states. 

The remarks in the text on the subject of the speed of waves in 
conductors relates to a speed that is not considered in Sir W. 
Thomson's article. It is the speed of transmission of magnetic 
disturbances into the wire, in cylindrical waves, which begins at 
any part of a wire as soon as the primary wave through the dielec- 
tric reaches that part. It would be no use trying to make signals 
through a wire if we had not the outer dielectric to carry the mag- 
netizing and electrizing force to its boundary. The slowness of 
diffusion in large masses is surprising. Thus a sheet of copper 
covering the earth, only 1 centim. in thickness, supporting a cur- 
rent whose external field imitates that of the earth, has a time- 
constant of about a fortnight. If the copper extended to the centre 
of the earth, the time-constant of the slowest subsiding normal 
system would be millions of years. 

In the article referred to. Sir W. Thomson mentions that Kirch- 
hoff 's investigation, introducing electromagnetic induction, led to 
a velocity of electricity considerably greater than* that of light, 
which is so far in accordance with "Wheats tone's observation. 
Now it seems to me that we have here a suggestion of a probable 

♦ [Note by Sib William Thomson.] In this statement I inadvertently 
did injustice to Kirchhoff. In the unpublished investigation referred to 
in the article Electricity, Velocity of [Nichols's CyclopadiOf second edition, 
1860 ; or my ' Collected Papers,'* vol. ii. page 136 (3) J, I had found that 
the ultimate velocity of propagation of electricity in a long insulated wire 
in air is equal to the number of electrostatic units in the electromagnetic 
unit ; and I had correctly assumed that Kirchhofi^s investigation led to 
the same residt. But^ owing to the misunderstanding of two electricities 
or one, referred to in § 317 of my 'Electrostatics and Magnetism/ I 
imagined Weber's measurement of the number of electrostatic units in 
the electromagnetic to be 2 X 3*1 X 10^® centimetres per second, which 
would give for the ultimate velocity of electricity through a long wire in 
air twice the velocity of light. In my own investigation, for the sub- 
marine cable, I had found the ultimate velocity of electricity to be e^ual 
to the number of electrostatic units in the electromagnetic unit divided 

by ^k ; k denoting the specific inductive capacity of the gutta-percha. 
But at that time no one in Germany (scarcely any one out of England) 
believed in Faraday's " specific inductive capacity of a dielectric." 

Kirchhoff himself was perfectly clear on the velocity of electricity in a 
long insulated wire in air. In his original paper, '^ Ueber die Bewegunff 
der Electricitat in Drahten" (Poj^. Ann, Bd. c. 1867 ; see pages 146 and 
147 of Kirchhoff's Volume of CoUected Papers, Leipzig, 188§), he gives 
it as c/i^2, which is what I then called the number of electrostatic units 
in the electromagnetic unit; and immediately after this he says, '^ihr 
Worth ist der von 41960 Meilen in einer Sekunde, also sehr nahe gleich 
der Geschwindigkeit des Lichtes im leeren Raume." 

Thus clearly to Kirchhoff belongs the priority of the discovery that the 
velocity of electricity in a wire insulatea in air is very approximately 
equal to the velocity of light. 



Forced Vibrations of Electromagnetic Systems. 156 

explanation of why Sir W. Thomson did not introduce self- 
induction into his theory. There were presumably more ways than 
one of doing it, as regards the measure of the electric force of 
induction. When we follow Maxwell's equations, there is but one 
way of doing it, which is quite definite, and leads to a speed 
which cannot possibly exceed that of light, since it is the speed 
{tic)-^ through the dielectric, and cannot be sensibly greater than 
3 X 10^° centim., though it may be less. Kirchhoff's result is there- 
fore in conflict with Maxwell's statement that the German methods 
lead to the same results as his. Besides that, Wheatstone's clas- 
sical result has not been supported by any later results, which are 
always less than the speed of light, as is to be expected (even in a 
non-distortional circuit). But a reference to Wheatstone's paper 
on the subject will show, first, that there was confessedly a good 
deal of guesswork ; and, next, that the repeated doubling of the 
wire on itself made the experiment, from a modem point of view, 
of too complex a theory to be examined in detail, and unsuitable as 
a test. 



From the PHfiK>iiopnicAt MAOAnirx, for March 1888. 



Note on a Paper on Electromagnetic Waves, 
By Oliver Heavisidb*. 

AN editorial qnerj^ the purport of which I did not at first 
understand, has directed my attention to Prof. J. J. 
Thomson's paper " On Electrical Oscillations in Cylindrical 
Conductors (Proc. Math. Soc. vol. xvii. Nos. 272, 273), a copy 
of which the author has been so good as to send me. His results, 
for example, that an iron wire of ^ centim. radius, of inductivity 
500, carries a wave of frequency 100 per second about 100,000 
miles before attenuating it from 1 to e""', and similar results, 
summed up in his conclusion that the carrying-power of an 
iron wire cable is very much greater than that of a copper 
one of similar dimensions, are so surprisingly different irom 
my own, deduced from my developed sinusoidal solutions, in 
the accuracy of which I have perfect confidence (having had 
occasion last winter to make numerous practical applications 
of them in connexion with a paper which was to have been 
read at the S. T. £. and E.), that I felt sure there must be 
some serious error of a fundamental nature running through 
his investigations. On examination I find this is the case, 
being the use of an erroneous boundary condition in the 
beginning, which wholly vitiates the subsequent results. It 
is equivalent to assuming that the tangential component of 
the flux magnetic induction is continuous at the surface of 
separation of the wire and dielectric, where the inductivity 
changes value, from a large value to unity, when the wire is 
of iron. The true conditions are continuity of tangential 
force and of normal flux. 

As regards my own results, and how increasing the induc- 
tance is favourable^ the matter really lies almost in a nutshell; 
thus. In order to reduce the full expression of Maxwell's 
connexions to a practical working form I make two assump- 
tions. First, that the longitudinal component of current 
(parallel to the wires) in the dielectric is negligible, in com- 
parison with the total current in the conductors, which makes 
C one of the variables, C being the current in either conductor; 
and next, what is equivalent to supposing that the wave-length 
of disturbances transmitted along the wires is a large multiple 
of their distance apart. The result is that the equations 
connecting V and C become 

♦ This Note may be regarded as a continuation of Note B^to " Electro- 
magnetic Waves, Phil. Mag. February 1888. 
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S being the permittance and K the conductance of the dielec- 
tric per unit length of circuit, whilst R'^ is a " resistance- 
operator/' depending upon the conductors, and their mutual 
position, which, in the sinusoidal state of variation, reduces to 

Bf'^Bf + V^y 

at 

where W and 1/ are the effective resistance and inductance 
of the circuit respectively, per unit length, to be calculated 
entirely upon electromagnetic principles. It follows that the 
fully developed sinusoidal solution is of precisely the same form 
as if the resistance and inductance were constants. Disre- 
garding the effect of reflexions, we have 

V=Vo€-P'sin(n«-Q^), 

due to Vosinn^ impressed at «=0; where P and Q are 
functions of R', L', S, K, and n. 

Now if R'/L'n is large, and leakage is negligible (a well- 
insulated slowly worked submarine cable, and other cases), we 
have 

P = Q=(^RSn)*, 

as in the electrostatic theory of Sir W. Thomson. There is 
at once great attenuation in transit, and also great distortion 
of arbitrary waves, owing to P and Q varying with n. 

But in telephony, n being large, P and Q may have widely 
different values, because Bf/h^n may be quite small, even a 
fraction. In such case we have no resemblance to the former 
results. If WfUn is small, P and Q approximate to 

^■" 2LV ^ 2Si;'' ^"^ ^' 

where t;'=(L'S)~*. This also requires K/Sn to be small. 
But it is always very small in telephony. 

Now take the case of copper wires of low resistance. L' is 
practically Lq, the inductance of the dielectric, and v' is prac- 
tically v, the speed of undissipated waves, or of all elementary 
disturbances, through the dielectric, whilst R' may be taken 
to be R, the steady resistance, except in extreme cases. Hence, 
with perfect insulation^ 
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or the speed of the waves is v, and the attenuating coefficient 
P is practically independent of the frequency, and is made 
smaller by reducing the resistance and increasing the induc- 
tance, of the dielectric. 

The corresponding current is 

C=V/Lot? 

very nearly, or V and C are nearly in the same phase, like 
undissipated plane waves. There is very little distortion in 
transit. 

How to increase L© is to separate the conductors, if twin 
wires, or raise the wire higher from the ground, if a single 
wire with earth-return. It is not, however, to be concluded 
that Lo could be increased indefinitely with advantage. If I 
is the length of the circuit, 

IM=2Lot? 

shows the value of Lq which makes the received current 
greatest. It is then far greater than is practically wanted, so 
that the difficulty of increasing Lq sufficiently is counter- 
balanced by the non-necessity. The best value of Lq is, in the 
case of a long line, out of reach ; so that we may say, gene- 
rally, that increasing the inductance is always of advantage to 
reduce the attenuation and the distortion. 

Now if we introduce leakage, such that R/L^>=K/S, we 
entirely remove the distortion, not merely when RJIjQn is small 
but of any sort of waves. It is, however, at the expense of 
increased attenuation. The condition of greatest received 
current, Lq being variable, is now 

We have thus two ways of securing good transmission of 
electromagnetic waves : one very perfect, for any kind of 
signals ; the other less perfect, and limited to the case of 
R/Lon small, but quite practical. The next step is to secure 
that the receiving-instrument shall not introduce further dis- 
tortion by the quasi-resonance that occurs. In the truly 
non-distortional circuit this can be done by making the resist- 
ance of the receiver to be L^v (whatever the length of the 
line) ; this causes complete absorption of the arriving waves. 
In the other case, of R/Ln small, with good insulation, we 
require the resistance of the receiver to be IjqV to secure this 
result approximately. I have also found that this value of the 
receiver's resistance is exactly the one that (when size of wire 
in receiver is variable) makes the magnetic force, and therefore 
the strength of signal, a maximum. Some correction is 
required on account of the self-induction of the receiver ; 
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bnt in really good telephones of the beet kind^ with very small 
time-constants, it is not great. We see therefore that tele- 
phony, so far as the electrical part of the matter is concerned, 
can be made as nearly perfect as possible on lines of thousands 
of miles in length. Bnt the distortion that is left, due to 
imperfect translation of sound-waves into electromagnetic 
waves at the sending-end, and the reproduction of sound- 
waves at the receiving-end, is still very great ; though, prac- 
tically, any fairly good telephonic speech is a sufficiently 
good imitation of the human voice. 

There is one other way of increasing the inductance which 
I have described, viz. in the case of covered wires to use a 
dielectric impregnated with iron dust. I have proved expe- 
rimentally that Lo <^^ he multiplied several times in this way 
without any increase of resistance ; and the figures I have 

S'ven above (in Note B) prove what a wonderful difference 
e self-induction makes, even in a cable, if the frequencv is 
great. Hence, if this method could be made practical, it 
would greatly increase the distance of telephony through 
cables. 

Now, passing to iron wires, the case is entirely different, 
on account of the great increase in resistance that the sub- 
stitution of iron for copper of the same size causes, which 
increases P and the attenuation. Taking for simplicity the 
very extreme case of such an excessive frequency as to make 
the formula 

nearly true, B being the steady and W the actual resistance, 
we see that increasing either B or /a increases Bf and there- 
fore P, because Lfv' tends to the value L^t?. Thus the carrying- 
power of iron is not greatly above, but greatly below that of 
copper of the same size. 

1 have, however, pointed out a possible way of utilizing 
iron (other than that above mentioned), viz. to cover a bundle 
of fine iron wires with a copper sheath. The sheath is to 
secure plenty of conductance ; the division of the iron to faci- 
litate the penetration of current, and so lower the resistance 
still more, to the greatest extent, whilst at the same time 
increasing the inductance. But the theory is difficult, and it 
is doubtful whether this method is even theoretically legiti- 
mate. First class results were obtained by Van Rysselberghe 
on a 1000-mile circuit in America (2000 miles of wire), using 
copper-covered steel wire. Here the resistance was very low, 
on account of the copper, and the inductance considerable, on 
account of the dielectric alone ; so that there is no certain 
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evidence that the iron did any good except by lowering the 
resistance. But about the adyanta^e of increasing the in- 
ductance of the dielectric there can^ 1 think^ be no question. 
It imparts momentum to the waves and carries them on. 

In Ifote B to the first portion of my paper " On Electro- 
magnetic Waves " (Phil. Mag. Feb. 1888), I gave four sets 
of numerical results showing the influence of increasing the 
inductance, selecting a cable of large permittance (constant) 
in order to render the illustrations more forcible. I take this 
opportunity of stating that the second set of figures relates to 
the value L:=2^, not 2, of the inductance per centim. The 
formula used was equation (82), Part II. of my paper ^^ On 
the Self-induction of Wires " (Phil. Mag. Sept. 1886, p. 284), 
which is 

^rhere 

P or Q=(iSn)*{(R'« + I/V)* + Un}* ; 

where C^ is the amplitude of current ni z=l due to impressed 
force V^sinw^ at z^O, with terminal short-circuits. When 
the circuit is long enough to make e""^' small, we obtain 

(R-^ + UV)i 

^"" 2BZ(S«)* 

as the expression for the ratio p of the steady current to the 
amplitude of the sinusoidal current. 

The following table is constructed to show the fluctuating 
manner of variation of the amplitude with the frequency. 
Drop the accents, and let B/Ln be small. Then, approxi* 

where y^mfho, 

under no restriction as regards the length of the circuit. 
Now give y a succession of values, and calculate p with the 
cosine taken as ^ 1, 0, and + 1. Call the results the maximum, 
mean, and minimum values of p. 



y- 


Mm. p. 


Mean p. 


Max. p. 


y- 


P- 


y- 


P- 


1 

2 
2065 
3 
4 
5 


•505 
•521 
•587 
•594 
•710 
•907 
1-210 


1-500 
•878 
•686 
•685 
•748 
•924 

1-218 


2063 
1128 
•771 
766 
•784 
•910 
1-226 


6 
7 
8 
9 
10 


1-678 
2365 
3^378 
5^000 
7-420 


12 
14 
16 
18 
20 


16-81 

393 

93-2 

225 

550 
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It will be seen that when the resistance of the circuit is 
only a small multiple of, or is of about the same magnitude 
as lit? (which may be from 300 to 600 ohms in the case of a 
suspended copper wire), the variation in the value of p as 
the frequency changes through a sufficiently wide range, is 
great, merely by reason of the reflexions causing reinforce- 
ment or reauction of the strength of the received current. 
The theoretical least value of p is ^, when K/Ln is vanishingly 
small, indicating a doubling of the amplitude of current. 
But as y increases the range of p gets smaller and smaller. 
After y =5 it is negligible. 

It is, however, the mean p that is of most importance, 
because the influence of terminal resistances is to lower the 
range in p, and to a variable extent. The value y= 2*065, or, 
practically, Biss2Lt;, makes the mean p a minimum. As I 
pointed out in the paper before referred to, these fluctuations 
can only be prejudicial to telephony. In the present Note I 
have described how to almost entirely destroy them. The prin- 
ciple may be understood thus. Let the circuit be infinitely 
long first. Then its impedance to an intermediate impressed 
force alternating with sufiicient frequency to make R/Ln small 
will be 2Lv, viz. Lv each way. The current and potential- 
diflerence produced will be in the same phase, and in moving 
away from the source of energy they will be similarly at- 
tenuated according to the time-factor e'^'/^K In order that 
the circuit, when of finite length, shall still behave as if of 
infinite length, the constancy of the impedance suggests to 
us that we should make the terminal apparatus a mere re- 
sistance, of amount Li?, by which the waves will be absorbed 
without reflexion. 

That this is correct we may prove by my formula for the 
amplitude of received current when there is terminal appa- 
ratus, equation (19 b), Part V. " On the Self-induction of 
Wires " (Phil. Mag. Jan. 1887). It is 



-2(GoGiHoHi> cos 2{Ql + 0)-] 



-i 



Here Cq is the amplitude of received current at -2=Z due to 
Vosinw^ impressed force at z=0; Bf and L' the effective re- 
sistance and inductance per unit length of circuit ; K and S 
the leakage-conductance and permittance per unit-length, 

P or Q=(i)M(R'2^.L'2^2)*(K2 + SV)*± (KR^-L^Sn^jf*; 
Go, Hq, are terminal functions depending upon the apparatus 
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at 2?=0 ; Gi, Hj, upon that at 2;=/ ; the apparatus being of 
any kind, specified by resistance-operators, making Rq'j ^0 
the effective resistance and inductance of apparatus at -2=0, 
and K/, L/, at ^:=Zr Gq is given by 

Go= 1 + (R^^ + L^V)-» [(P2 + Q2)(Ro'2 •+ Lo'V) 

+ 2P(R%' + L%W) + 2Qn(Ro'L'-R'Lo'), 

from which Ho is derived by changing the signs of P and Q ; 
whilst Gi and Hi are the same functions of Ri', Li' as Gq and 
Ho are of Ro^ L/. 

Now drop the accents, since we have only copper wires of 
low resistance (but not very thick) in question, and the ter- 
minal apparatus are to be of the simplest character. K/Sn 
will be vanishingly small practically, so take K = 0. Next let 
R/Ln be small^ and let the apparatus at ;^=2 be a mere coil, 
Ri, of negligible inductance first. We shall now have 

P=R/2Lv, Q=nv, 

and these make 

Thus Ri = Lt? makes Hi vanish, whatever the length of 
line, and the terms due to reflexions disappear. 
We now have 

Co=^€-«'/'^^«'xGo-*, 

where Gq"^ expresses the eflfect of the apparatus at ^=0 in 
reducing the potential-difierence there, Vo being the im- 
pressed force, and the value of G© being unity where there is 
a short-circuit. 

Now to show that R, = Lv makes the magnetic force of the 
receiver the greatest, go back to the general formula, let 
6-P' be small, and let the size of wire vary, whilst the size of 
the receiving- coil is fixed. It will be easily found, from the 
expression for Gi, that the magnetic force of the coil is a 
maximum when 

P2 . T 2 3 /R' + LV\i' 

where we keep in Li the inductance of the receiver. Or, 
when R/Ln and K/Sn are both small, 

(Ri2 + LiV)*=Lr, 

or, as described, Ri=Li? when the receiver has a suflSciently 
small time-constant. The rule is, equality of impedances. 
We may operate in a similar manner upon the terminal 
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function at the sending end. Suppose the apparatus to be 
representable as a resistance containing an electromotive 
force, and that by varying the resistance we cause the electro- 
motive force to vary as its square root. Then, according to 
a well-known law, tne arrangement producing the maximum 
external current is given by Bo=Lr, equality of impedances 

again. This brings us to 

V 

as if the circuit were infinitely long both ways^ with maximum 
efficiency secured at both ends. 

Lastly, the choice of L such that BZ=2Lt7 makes the circuit, 
of given resistance, most efficient. 

In long-distance telephony using wires of low resistance, 
the waves are sent along the circuit in a manner closely re- 
sembling the transmission of waves along a stretched elastic 
cord, subject to a small amount of friction. In order to 
similarly imitate the electrostatic theory, we must so reduce 
the mass of the cord, or else so exaggerate the friction, that 
there cannot be free vibrations. We may suppose that the 
displacement of the cord represents the potential-diflerence in 
botn cases. But the current will be in the same phase as the 
potential-diflerence in one case, and proportional to its variation 
along the circuit in the other. 

We mav conveniently divide circuits, so far as their signal- 
ling peculiarities are concerned, into five classes. (1) Cir- 
cuits of so short length, or so operated upon, that any effects 
due to electric displacement are insensible. The theory is 
then entirely electromagnetic, at least so far as numerical re- 
sults are concerned. (2) Circuits of such great length that 
they can only be worked so slowly as to render electro- 
magnetic inertia numerically insignificant in its effects. 
Also some telephonic circuits in which E/Ln is large. Then, 
at least so far as the reception of signals is concerned, we 
may apply the electrostatic theory. (3) The exceedingly 
large intermediate class in which both the electrostatic and 
electromagnetic sides have to be considered, not separately, 
but conjointly. (4) The simplified form of the last to which 
we are led when the signals are very rapid and the wires of 
low resistance. (5) The non-distortional circuit, in which, 
by a proper amount of uniform leakage, distortion of signals 
is abolished, whether fast or slow. Regarded from the point 
of view of practical application, this class lies on one side. 
But from the theoretical point of view, the non-distortional 
circuit lies in the very focus of the general theory, reducing 
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it to simple algebra. I was led to it by an examination of 
the effect of telephones bridged across a common circuit (the 
proper place for intermediate apparatus^ removing their im- 
pedance) on waves transmitted along the circuit. The current 
is reflected positively, the charge negatively, at a bridge. 
This is the opposite of what occurs when a resistance is put 
in the main circuit, which causes positive reflexion of the 
charge, and negative of the current. Unite the two effects 
and the reflexion of the wave is destroyed, approximately 
when the resistance in the main circuit and the bridge re- 
sistance are finite, perfectly when they are infinitely small, as 
in a uniform non-distortional circuit. 



I 



Forced Vibrations of Electromagnetic Systems. 381 

wave would run to and from between the origin and boundary 
unceasingly. This is to a great extent true ; and therefore 
there is no truly permanent state (the electric flux, namely, 
alone) ; but examination shows that the reflexion is not clean, 
on account of the electriflcation of the boundary, so that there 
is a spreading of the magnetic field all over the region within 
the screen. 

48. Alternating f loith reflecting barriers. Forced vibrations. 
— Let the medium be nonconducting between the boundaries 
aQ and ai. Equation (288) then becomes 

H^ II i^a-yo^aX^-yxy^) f ^ , (297) 

giving H outside the surface of /I We see that yo=0 and 
Wo=0 make H=0. That is, the forced vibrations are confined 
to the inside of the surface of/ only, at the frequencies given 
hy «a=0, provided there is no internal screen to disturb, but 
independently of the structure of the external medium (since 
yi is undetermined so far), with possible exceptions due to the 
vanishing of yi simultaneously. But (297), sinusoidally 
realized by jt>^= — n^, does not represent the full final solution, 
unless the nature of y^ and yi is such as to allow the initial 
departure from this solution to be dissipated in space or killed 
by resistance. Ignoring the free vibrations, let yo=0, and 
yi^uilwi^ meaning no internal, and an infinitely conducting 
external screen. ]nien 

(out) H= {valfivr)ua\uwilui—w^fy ■% 

(in) H=(va//At;r)w \uaWilui--Wg^f.} ' * ^ ' 

K w?i'=0, or in full, 

(v/noi) tan (najv) = 1 — (y/na^f^ 

we obtain a simplification, viz. 

H(inorout) = — (va//At7r)(MW7aOr Wa«?y; • . (299) 

and the corresponding tangential components of electric force 
are 

E(inorout)=(W/*^0(wXorwX)(qp)"y- • (300) 

But if t*i'=0, the result is infinite. This condition indi- 
cates that the frequency coincides with that of one of the free 
vibrations possible within the sphere r=ai without impressed 
force. But, considering that we may confine our impressed 
force to as small a space as we please round the origin, the 
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infinite result is not easily understood^ as regards its deve- 
lopment. 

But the development of infinitely great magnetic force by 
a plane sheet of/ is very easily followed in full detail, not 
merely with sinusoidal/ but with /constant. Considering 
the latter case, the emission of H is continuous, as before 
described, from the surface of/ Now place a plane infinitely 
conducting barrier parallel to/ say on the left side. We at 
once stop the disturbances going to the lefb and send them 
back again, unchanged as regards H, reversed as regards E. 
The H disturbance on the left side of / therefore commences 
to be doubled after the time a/v has elapsed, a being the dis- 
tance of the reflecting barrier from the plane of/ and on the 
right side after the interval 2ajv. Next, put a second infi- 
nitely conducting barrier on tne right side of / It also 
doubles the H disturbances as they arrive ; so that, by the 
inclusion of the plane of / between impermeable barriers, 
combined with the continuous emission of H, the magnetic 
disturbance mounts up infinitely, in a manner which may be 
graphicallv followed with ease. Similarly, with / alternating, 
at particular frequencies depending upon the distances of the 
two barriers from/ 

Returning to the spherical case, an infinitely conducting 
internal screen, with no external, produces 

H (».W-t.,y)K-tr,) 

We cannot produce infinite H in this case, because the 
absence of an external barrier will not let it accumulate. 
Shifting the surface of / right up to the screen, or vice versd^ 
simplifies matters greatly, reducing to the case of § 42. 

May 8tli, 1888. 
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Oh Elfciromagnetic Waves, especially in relation to the Vorticity 
t)f the Impressed Forces ; and the Forced Vibrations of Elec- 
immagnetic Systems. By Olivek Heavisidb. 

[Continued from vol. xxv. p. 406.] 

fit. GPHERICAL Waves {with diffusion) in a Conducting 
Dielecttnc. — In an infinitely extended homogeneous 
lnt)tropic conducting dielectric, let the surface r=a be a sheet 
{sf vorticity of impressed electric force ; for simplicity, let it 
lii» of the first order, so that the surface-density is represented 
liy fy. By (127), § 20, the difterential equation of H, the 
inti^UHity of magnetic force is, at distance r from the origin, 
tiuttfide the surface of/ {v meaning sin 6), 

where / may be any function of the time. Here, in the 
general case, including the unreal "magnetic conductivity^'^,* 
we have 

j=[(47rA + cp)(47r^ + /.;>)]*=i;-»[(;? + p)^-<72]*,| ^ ^^^^^ 

ki=^7rk + cp ; J 

if, for subsequent convenience, 

pi = A'irkl2c, p2 = i7rgl2fi, r==(Mc)-';i ^ ^^^x 
p=Pi+p2, o-=Pi— p3- J 

The speed is v, and p^, p2 are the coefficients of attenuation of 
the parts transmitted of elementary disturbances due to the 
real electric conductivity k and the unreal g ; that is, 6~^'- 
is the factor of attenuation due to conductivity. On the 

* Owinp: to the lapse of time, I flhould mention that the physical and 
other meanings of the coefficient ff are explained in the first part of this 
Paper, Phil. Maff. Feb. 1888. Also A = electric conductivity ; ft= magnetic 
indxictivity ; and <?/47r = electric permittivity. All the problems in this 
paper, except in § 43, relate to spherical waves,* the geometrical coordinates 
are r and 0. Unless otherwise mentioned, p always signifies the operator 
d/dtj t being the time. 
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other hand, the distortion produced by conductivity depends 
on <r, and vanishes with it. There is some utility in keeping 
in g, because it sometimes happens that the vanishing of h, 
making /:>= — <r, leads to a solvable case. We can then pro- 
duce a real problem by changing the meaning of the symbols, 
turning the magnetic into an electric field, with other changes 
to correspond. 

32. Tlie steady Magnetic Field due to f constant, — Let /be 
zero before, and constant after <=0, the whole medium having 
been previously free from electric and magnetic force. All 
subsequent disturbances are entirely due to /. The steady 
field which finally results is expressed by (206), by taking 

j»=0 ; that is, ki has to mean 47ri, and 5'=47r(Agr)*, by (207). 
To obtain the corresponding internal field, exchange a and r 
in (206), except in the first ajr. The same values of ki and a 
used in the corresponding equations of E and F give the final 
electric field. The steady magnetic field here considered 
depends upon g, and vanishes with it. 

33. Variable state when px= p2. First case. Subsiding/, — 
There are cases in which we already know how the final state 
is reached, viz. the already given case of a nonconducting 
dielectric (§§ 21, 22), and the case o-=0 in (208), which is 
an example of the theory of § 4. In the latter case the 
impressed force must subside at the same rate as do the dis- 
turbances it sends out from the surface of/. Thus, given 
/=/Jj€-p'j starting when ^=0, with/o constant, the resulting 
electric and magnetic fields are represented by those in the 
corresponding case in a nonconducting dielectric, when multi- 
plied by e"^^ The final state is zero because/ subsides to 
zero ; the travelling shell also loses all its energy. But there 
are, in a sense, two final states ; the first commencing at any 
place as soon as the rear of the travelling shell reaches it, and 
which is entirely an electric field ; the second is zero, produced 
by the subsidence of this electric field. There is no magnetic 
field to correspond, and therefore no " true " electric current, 
in Maxwell's sense of the term, except in the shell. 

34. Second case, /constant, — But let the impressed / be 
constant. Then, by effecting the integrations in (206), we 
are immediately led to the full solution 



rap^ 



Jva r --(»•-«)/ 1 ^ \/i ^\ - //^i ^ /\ ^ 
2/Avr L V p^A P«/ *^ ^ ra^ 

+ same function of — a , . • (209) 

where the fully represented part expresses the primary wave 
out from the surface of/, reaching r at lime (r—a)/v ; whilst 
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the rest expresses the second wave, reaching r when t=(r+ a)/t\ 
After that the actual H is their sum, viz. 

K^^i-p'l'(l+ ^)[ooA-^An]x]e^, . (210) 
/*rr \ pr/ L pa J t? ' 

agreeing with (206), when we give q therein the special 
value pTv at present concerned, and ^x=4^^* 
At the front of the first wave we have 

R^e-^Jya/2fivr,' (211) 

so that the energy in the travelling shell still subsides to zero. 
Equation (211) also expresses H at the front of the inward 
wave, both before and after reaching the centre of the sphere. 
The exchange of a and r in the [] in (209) produces the 
corresponding internal solution. 

35. Unequal pi and pf. General case, — If we put d/dr:=^, 
we may write (206) thus, 

It b, therefore, sufficient to find 

e-«(r-a)j-8y; (213) 

to obtain the complete solution of (212) ; namely, by per- 
forming upon the solution (213) the differentiations V and 
the operation ki. This refers to the first half of (212) ; the 
second half only requires the sign of a to be changed in the []. 
Now (213) is the same as 

v»6'P*€"'"^^"''^*(jt>«-cr«)-l(/6P0. . . . (214) 

Expand the two functions of ^ in descending powers of p, 
thus, 

/-J -a\-i -afi . 3 or* , 3.5 <r* , 3.5.7 <r' , -i ,^^^. 
(^-^) *=-P L^+2p"^2^7"^^^i^+-J'(^^^) 

e f' =€ t, 1^1+ Aj+ Aa + .-.J, . . .(216) 

where the A's are functions of r, but not of p. Multiplying 
these together, we convert (213) oi (214) to 

«»c-P'e-?<'-">^[l + ^,i + ^*t, + .,.](/60«), . (217) 

where the i's are functions of r, but not of p. The integra- 
tions can now be effected. Let/ be constant^ first. Tnen 
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/starting when <=0, we have 

i'-'(/«")=//>-'(«^-i-p<-ip*0=p-!/l«^)3 8ay; • (218) 

Ac. Ac. Next, operating with the exponential containing^ in 
(217) turns t to *— (r— a)/t?, and gives the required solution 
in the form 

H^^'-C-^) [('- ,^)(V- ^) l^--. '■^-- } 

+ same function of —a , . (219) 

where ^i=^— (r— a)/t7 ; the represented part beginning when 
ti reaches zero, and the rest wnen t—{r + a)lv reaches zero. 

36. Fuller development in a special case. Theorems invoU 
ving Irrational Operators, — As this process is very complex, 
and (219) does not admit of being brought to a readily inter- 
pretable form, we should seek K>r special cases which are, 
when fully developed, of a comparatively simple nature. 
Write the first half of (212) thus, 



H= 



^«-'<'-;Xv^i-)?^[^)*«-^"-'Vo].(«) 



Now the part in the square brackets can be finitely integrated 
when/e'*' subsides in a certain way. We can show that 

ip^y^' '^"^-'^V") = Jo{ f [ir-ay-^t^]* } , (221) 

in which, observe, the sign of a may be changed, making no 
difference on the right side (the result), but a great deal on 
the left side. 

The simplest proof of (221) is perhaps this. First let r:=a. 
Then 

(^)V")=e-(l-f )-*(!), . • (222) 

by getting the exponential to the left side, so as to operate on 
unity. Next, by the binomial theorem, 

Now integrate, and we have (/commencing when ^=0), 

=*-"(l+'^*+|il '^^'+^'^^ + ->| .(224) 
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so that, finally, 

(|^y(^~")=Jo(«^"')- • • (225) 

It is also worth notice that, integrating in a similar manner, 

\ f) '^ ' ^* |2_ 2«12 |4 ' 

=Jo(<rtt) (226) 

These theorems present themselves naturally in problems re- 
lating to a telegraph-circuit, when treated by the method of 
resistance-operators. A special case of (225) is 

pi(l)=(^0-*, (227) 

which presents itself in the electrostatic theory of a submarine* 
cable. 

We have now to generalize (225) to meet the case (221). 
The left member of (221) satisfies the partial diflferential 
equation 

tr«V^=/>2-<r2, (228) 

so we have to find the solution of (228) which becomes 
Jo{a-ti) when r=a. Physical considerations show that it must 
be an even function of (r— a), so that it is suggested that the 
t in Jo {aii) has to become, not t--(r—a)/v or ^ + {r—a^/v, 
but that t^ has to become their product. In any case, the right 
member of (221) does satisfy (228) and the further prescribed 
condition, so that (221) is correct. 

* Thus, let an infinitely long circuit, with constants R, S, K, L, be 
operated upon by impressed force at the place z=0, producing the potential- 
difierence \q there, which may be any function of the time. Let C be 
the current and V the potential -difference at time t at distance x\ Then 

where y=(R+Lp)*(K + S/?)*. Take K=0, and L=0; then, if Vo be zero 
before and constant after i=0, the current at z=0 is given by 

C,=V„(S/R)ii>i (1), 

and (227) gives the solution. Prove thus : let 6 be any constant, to be 
finally made infinite ; then 

j5*(l)=6»(l+6p-^)-* 

by the investigation in the text. Now put 6=oo , and (227) results. 

In the similar treatment of cylindrical waves in a conductor, /?i,jpi,&c. 
occur. We may express these results in terms of Gamma functions. 
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If a direct proof be required, expand the exponential opera- 
tor in (221) containing r in the way indicated in (216), and 
let the result operate upon Jo(crft). The integrated result can 
be simplified down to (221). 

37. Now use (221) in (220). Let/€^*=/o€-'*, where /o is 
constant; and the square bracket in (220) becomes known, 
being in fact the right member of (221) multiplied by /J). 
So, making use also of (228), we bring (220) to 

Zfivr L ^\^ r / dr ar J p^-^a-'J 



Jo (J [(»•-«)*-»''<»]*}; (229) 



to which must be added the other part, beginning 2a/v later, 
got by negativing a, except the first one. The operation 
(p^—a^)-^ may be replaced by two integrations with respect 
to r. 

Let r and a be infinitely great, thus abolishing the curva- 
ture. Let r— a=2:, and fova/r, which is now constant, be 
called ^o« Then we have simply 

showing the H produced in an infinite homogeneous conduct- 
ing dielectric medium at time t after the introduction of a 
plane sheet (at -^=0), of vorticity of impressed electric force, 
the surface density of vorticity being eo€~^P^K This corrobo- 
rates the solution in § 8, equation (51) (vol. xxv. p. 140), 
whilst somewhat extending its meaning. 

The condition to which / is subject may be written, by 
(208), 

/=/o«-'"', (231) 

where /o is constant. If, then, we desire/ to be constant, pi 
must vanish, which, by (208), requires A=0, whilst g may 
be finite. 

But we can make the problem real thus. In (229) change 
H to E and fiv to cv ; we have now the solution of the 
problem of finding the electric field produced by suddenly 
magnetizing uniformly a spherical portion of a conducting 
dielectric ; i, e. the vorticity of the impressed magnetic force 
is to be on the surface of the sphere r=a, parallel to its lines 
of latitude, and of surface-density fv, such that/ve^^ is con- 
stant. This makes / constant when ^=0 and k finite, repre- 
senting a real conducting dielectric. 



366 Mr. 0. Heaviside on Electromagnetic Wave^y and the 

38. The electric force at the origin due tofv atr^z a. — Return- 
ing to the case of impressed electric force, the differential 
equation of F, the racfial component of electric force inside 
the sphere on whose surface r=a the vorticity of e is situated. 

At the centre, therefore, the intensity of the full force, which 
call Fo9 whose direction is parallel to the axis, is 

Fo=f(l + ga>-«-/=|(l-a|^)6-«"/. . . (233) 

Unless otherwise specified, I may repeat that the forces re- 
ferred to are always those of the nuxes, thus doing away 
with any consideration of the distribution of the impressed 
force, and of scalar potential, of varying form, wnich it 
involves. (233) is equivalent to 

Fo=f €-p'{l+at?-'(jt>«-a*)i}€-«''"V-<r«)*(ye^*) . (234) 

Let /be constant, and p=cr, or ^=0. Then (234) becomes 

Fo=*/e-"[f(i> + a)(^)*+l]e-.-(P»-'')V), • (235) 

of which the complete solation is, by (221), 

Fo= (|/)[c-*at,-' ( p + «r)Jo{<n.-'(a*-«»0*} + XJ, (236) 
where, subject to ^=0, 

€-««(!) =Xa; (236a) 

or, solved, 

x.=i-.-[^«(,.^i)-i(^«)"i(^i) 

in which i=(— 1)1, and all the J^s operate upon ati. This 
solution (236) begins when t=a/v. The value of a is 
47rkl2c. 

In a good conductor a is immense. Then assume c=0, or 
do away with the elastic displacement, and reduce (236) to 
the pure diffusion formula, which is 

where .v = (47r/i^a2/2<)*. The relation of Xa in (236) to the 
preceding terms is explained by equations (233) or (235). 
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39. Effect of uniformly magnetizing a Conducting Sphere 
surrounded by a Nonconducting Dielectric. — Here, of course, 
it is the lines of E that are circles centred upon the axis, both 
inside and outside. Let h be the impressed magnetic force, and 
hv the surface-density of its vorticity, at r=^aj outside which 
the medium is nonconducting, and inside a conducting dielec- 
tric. The differential equation of Ea, the surface value of the 
tensor of E at r=a, is [compare (124), § 19] 

in which r^a^ and /i and q are to have the proper values on 
the two sides of the surface. 
Now, by (111), 

W7W=-y{l + (yr)-'(l + yr)-»}. . . (240) 

in the case of m=l, (first order), here considered. This re- 
fers to the external dielectric, in which q=plv. Let t7=(X> , 
making 

WfW^-a-' (241) 

This assumption is justifiable when the sphere has sensible 
conductivity, on account of the slowness of action it creates 
in comparison with the rapidity of propagation in the dielec- 
tric outside. Then (239) becomes, 

Ea /^li?^ cosb qia — (yi^)"' sinh q^a pa\fiQ /ii/' ^ ' 

if fiQ is the external and fii the internal inductivity, and qi 
the internal q. When the inductivities are equal, there is a 
material simplification, leading to 

qiaBinhqia ' ^ ' 

where Ci = { (47rAi + Cip)fiip}h First let Ci^O^ia the conduc- 
tor, making yi*=s47r/Lfr,*^/>= — ^, say. Then 

-- 1 cos «a— («a)~' sin sa, ,-. . .. 

^irkia {sa)^Binsa ^ ' 

From this we see that sin «a=0 is the determinantal equation 
of normal systems. The slowest is 

«a=7r, or -—/>"'= 4/ti^ia7T. . . . (245) 

This time-constant is about (1250)"' second if the sphere be 
of copper of 1 centim. radius ; about 8 seconds if of 1 metre 
radius, and about 10 million years if of the size of the earth. 
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At distance r from the centre of the sphere^ within it, at 
time t after starting h, we have 

•g Av ^ cos sr^(sr)-^ sin sr ^ roAf{\ 

AirkiV j^(d/dp){(8a)-^ sin 8a} cos sa^ • • v ) 

subject to the determinantal equation, over whose roots the 
summation extends, p being now algebraic. Effecting the 
differentiation indicated, we obtain 

E2hv ^ cos «r — («r)""^ sin sr . 
= ""7-7—2 ^^-^ €'^ . . (247) 

4:'rrkir cos sa ^ ^ 

The correspondingsolution for the radial component of the 
magnetic force, say Hr, is 

H,=(|A cos g)-4A ^et ^ ";jl";f " ^' ■ im 

At the centre of the sphere, let Hq be the intensity of the 
actual magnetic force. It is, by (248), 

Ho=§A{l + 2 2(cos5a)-i€P^}. . . (249) 

Thus the magnetic force arrives at the centre of the sphere 
in identically the same manner as current arrives at the 
distant end of an Atlantic cable according to the electro- 
static theory, when a steady impressed force is applied at the 
beginning, with terminal short-circuits. In the case of the 
cable the first time-constant is 

where RZ is the total resistance and 81 the total permittance. 
It is not greatly different from 1 second, so that, by (245), 
the sphere should be about a foot in radius to imitate, at its 
centre, the arrival curve of the cable. 

To be precise we should not speak of magnetizing the 
sphere, because (ignoring the minute diamagnetism) it does 
not become magnetized. The principle, however, is the 
same. We set up the flux magnetic induction. But the 
magnetic terminology is defective. Perhaps it would be not 
objected to if we say we inductize''^ the sphere, whether we 
magnetize it or not. This is, at any rate, better than ex- 
tending the meaning of tiie word magnetize, which is already 
precise in the mathematical theory, though of uncertain 
application in practice, from the variable behaviour of iron. 

* Accent the first syllable, like magnetize. Practical men sometimes 
speak of energizing a core, &c. But energize is too general ; by using 
inductize we specify what flux is set up. 
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40. The following is the alternative form of solution 
showing the waves, when Ci is finite. With the same assump- 
tion as before that v=qo outside the sphere^ the equation of 
H^ the radial component of H is 

which^ at r=0, becomes 

Ho=|ja(sinhya)-iA (251) 

Expand the circular function, giving 

Ho=t?ae-«»(l + 6-3«-+€-^ +...)/*; . (252) 
or, since here g'=t7"^{(p+(r)^— (r*}*, 

H.= *!e-0,+.)(|=i)'[.-J'^-^V.-?<'-\...](*^, . (258) 

SO, using (221), we get finally 
B^=lh^e-'*{p+a) [jo {l{<^-f^e)i} +Jo{^(9a»-«'<*)*} +. . .]. (254) 

The Jo functions commence when vt^a, 3a, 5a, &c., in 
succession^ and the successive terms express the arrival of the 
first wave and of the reflexions from the surface which follow. 
In the case of pure diffasion^ this reduces to 

Ho=(§A)2a(47rii/Ai/7rt)*[e-'*i/*i«'/* +€-»''*i*i«'/«+. . .], (255) 

which is the alternative form of (249), involving instantaneous 
action at a distance. The theorem (in di£Pusion) 

6-^*.i>*(l) = (7rt)-*€-^/« ... (256) 
becomes generalized to 

e-'?j(l)=t7-i€-<^(p + <r)Jo{<Tt?-i(^-^'^)*K • (257) 
if q=v-^(p^ + 2apy. 

On the right side of (257), the p means, as usual, differen- 
tiation to t. The two quantities <r and v may have any 
positive values ; to reduce to (256) make v infinite whilst 
teepiuff (T/t?^ finite. 

41. JDiffusion of Waves from a centre of impressed force in 
a condiu^inff medium, — In equation (206) let a be infinitely 
small. It then becomes 

H=iaV-2(47rA+cp)(l + ?0€-«!/, • • (258) 
the equation of H at distance r from an element of impressed 
FhU. Mag. S. 5. Vol. 26. No. 161. Oct. 1888. 2 B 
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electric force at the origin. Comparing with (233) we see 
that the solution of (258) maybe derived, when /is constant, 
starting when ^sO. Take ^=0^ making p=<r=:47r£/2c. 
Then 

H=^ (49rA+(y)|€-'*^(;> + <r)Jo[^(r»-t;V)*] +X^},(259) 

where X^ is what the Xa of (237) becomes on changing a to 
ri and 

Ho=v)!t-3x vol. integral of/, . . . (260) 

supposing the impressed force to be confined to the infinitely 
small sphere, so that its volume-integral is the "electric 
moment,'^ by analogy with magnetism. The solution (259) 
begins at r as soon as t^rjv. It is true from infinitely near 
the origin to infinitely near the front ; but no account is 
given of the state of things at the front itself. Hq is the 
final value of H. We may also write X^ thus, 

6''X.=l+J^^((7+i>)Jo{^(r^-t^^)^} ; . (261) 
and (259) may also be written 

H=^(^'^^+'^)(l-^i)^ • • (262) 
When c=0, (259) or (262) reduce to 

H=H.[(l)V-''+'-(l)'{»-,V+,T»*- • • }]'^'''' 

where y = {^irfikr^li)^. 

42. Conducting sphere in nonconducting dielectric. Circular 
vorticity of e. Complex reflexion. Special very simple ease. — 
At distance r from the origin, outside the sphere of radius a, 
which is the seat of vorticity of e, represented by /v, we have 

R=ij>-^{W/Wayya/r. . . . (264) 

The operator <^ will va ry according to the nature of things 
on both sides of r=a. When it is a uniform conducting 
medium inside, and nonconducting outside, to infinity, we 
shall have 

where ^i, depending upon the inner medium, is given by 

^ gi { "^ + (gia)"^}8inh qfi— {q^a) -^cosh q^a .^gg. 

^ A'jrki + Cip cosh jia— (g'ia)"^sinhyia ' ^ ' 



Forced Vibrationa of Electromagnetic Systems. 371 
and ^, depending upon the oater medinm, is given by 

^=f,„^-L^-J-. . . . (266) 

The solntion arising from the sadden starting of/ constant 
is therefore 

H=C/Va/r)S(W/Wa)(p.#/eip)-i6P*, . (267) 

where p is now algebraical, and the summation ranges over 
the roots of ^ssO. There is no final H in this case, if we 
assume ^=0 all over. But the determinantal equation is 
very complex, so that this (267) solution is not capable of 
easy interpretetion. The wave method is also impracticable, 
for a similar reason. 

In accordance, however, with Maxwell's theory of the 
impermeability of a " perfect '' conductor to magnetic induc- 
tion from external causes, the assumption Xri = Qo makes the 
solution depend only upon the dielectric, modified by the 
action of the boundary, and an extraordinary simplification 
results. 01 vanishes, and the determinantal equation becomes 
<^3=0, which has just two roots, 

I j ; .... (268) 

and these, used in (267), give us the solution 

R^{Jval3fivr)€-''{3 cos-3*(l-2a/r)sin}^ VS^ . (269) 

where 2? = { v* — (r — a) }/2a. 

Correspondingly, the tangential and radial components of E 
are 

E = fivR +fya^r-^ [1 - ^€-'^(3 cos + 3* sin) ^ \/ 3] . . (270) 
F= ^/cos^ [1- J J e-(^cos - >/3(2-^)sin).V3]. (271) 

This remarkably simple solution, considering that there is 
reflexion, corroborates Prof. J. J. Thomson's investigation * of 
the oscillatory discharge of an infinitely conducting spherical 
shell initially charged to surface-density proportional to the 
sine of the latitude, for, of course, it does not matter how thin 
or thick the shell may be when infinitely conducting, so that 
it may be a solid sphere. (269) to (271) show the establish- 
ment of the permanent state. Take oS the impressed force, 

* ^^ On Electrical Oscillations and the Effects produced by the Motion 
of an Electrified Sphere/' Proc. Math. Soc. vol. xv. p. 210. 

2B2 
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and the oscillatory discharge follows. But the impressed 
force keeping up the charge on the sphere need not be an 
external cause, as supposea in the paper referred to. There 
seems no other way of doing it than by having impressed 
force with vorticity/v on the surface, but in other respects it 
is immaterial whether it is internal or external, or superficial. 
It may perhaps be questioned whether the sphere does 
reflect, seeing that its surface is the seat of /. But we have 
only to shift the seat of / to an outer spherical surface in the 
dielectric, to see at once that the surface of the conductor is 
the place of continuous reflexion of the wave incident upon it 
coming from the surface of/. The reflexion is not, however, j 

of the same simple character that occurs when a plane wave 
strikes a plane boundary (A=oo ) flush, which consists merely | 

in sending back again every element of H unchanged, but 
with its E reversed ; the curvature makes it much more com- 
plex. When we bring the surface of / right up to the con- 
ducting sphere, we make the reflexion instantaneous. At the 
front of the wave we have z=0 and | 

H =^fva/fivr = E//iv 

by (269) and (270) . This is exactly double what it would 
be were the conductor replaced by dielectric of the same kind 
as outside, the doubling being due to the instantaneous re- 
flexion of the inward going wave by the conductor. 

The other method of solution may also be applied, but is 
rather more diiOScult. We have 



fi'vr 



-.(.-)(!+ L)(l_l)(l__^3)->.. (272) 

Expand the last factor in descending powers of (ya)^, and 
integrate. The result may be written 

where a}=^a~^{vt^r + a). Conversion to circular functions 
reproduces (269). 

42 A. Same case with finite Conductivity. Sinusoidal Solution, 
— It is to be expected that with finite conductivity, even with 
the greatest at command, or A =(1600)"^, the solution will be 
considerably altered, being controlled by what now happens 
in the conducting sphere. To examine this^ point, consider 
only the value of fl at the boundary. We have, by (264), 

Ha=0-yv=(<^i + ^3)-y>'. . . . (274) 
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Let / vary sinnsoidally with the time, and observe the be- 
haviour of ^1 and 62 as the frequency changes. The fcQl 
development which I have worked out is very complex. But 
it is suflScient to consider the case in which k is big enough, 
in concert with the radius a and frequency n/27r, to make the 
disturbances in the sphere be practically confined to a spherical 
shell whose depth is a small part of the radius. Let a= 
{^TTfiilcino?)^ ; then our assumption requires €~* to be small. 
This makes 

I 

and, if further, s itself be a large number, this reduces to 

<^ = (l+i) (^n/87rAi)* (276) 

Adding on the other part of 0, similarly transformed by 
/>^=s— n^, we obtain 

where the terms containing ki show the difference made by 
its not being infinite, file real part is very materially 
affected. Thus, copper, let 

*i=(1600)->, ^= 1, 27171=1600, a=10, .-. 5=10. 

These make s large enough. Now najv is very small, but, on 
the other hand, 

(/iin/87rAi)i=130, 

so that the real part of ^ depends almost entirely on the 

sphere, whilst the other part is little affected. 

Now make n extremely great, say na/t?=l ; else the same. 

Then 

<^=(f X 10^o+44x 10*)-2(f X 10^o_44x 10*), 

from which we see that the dissipation in space has become 
relatively important. The ultimate form, at infinite fre- 
quency, is 

</»=/iAi? + (/[A,n/87rAri)i(H-2'); .... (278) 

so that we come to a third state, in which the conductor puts 
a stop to all disturbance. This is, however, because it has 
been assumed not to be a dielectric also, so that inertia 
ultimately controls matters. But if, as is infinitely more 
probable, it is a dielectric, the case is quite changed. We 
shall have 

i^ = (47r^i + /Ai p*(47rA;i + Cip)-*, . . . (279) 
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when the frequency is great enough, and this tends to fiiVi, 
fii being the indnctivity and vi the speed in the conductor, 
whatever g and k may be, provided they are finite. Thus, 
finally, 

(}>=fjuiVi'\-fiv (280) 

represents the impedance, or ratio of /v to Ho, which are now 
in the same phase. 

At any distance outside we know the result by the dielec- 
tric solution for an outward wave. But there is only super- 
ficial disturbance in the conducting sphere. 

43. Resistance at the front of a wave sent along a wire. — In 
its entirety this question is one of considerable difficulty, for 
two reasons, if not three. First, although we may, for 
practical purposes, when we send a wave along a telegraph- 
circuit, regard it as a plane wave, in the dielectric, on account 
of the great length of even the short waves of telephony, and 
the great speed, causing the lateral distribution (out from the 
circuit) of the electric and magnetic fields to be, to a great 
distance, almost rigidly connected with the current in the 
wires and the charges upon them ; yet this method of re- 

S'esentation must to some extent fail at the very front of 
e wave. Secondly, we have the fact that the penetra- 
tion of the electromagnetic field into the wires is not 
instantaneous ; this becomes of importance at the front of 
the wave, even in the case of a thin wire, on account of the 
great speed with which it travels over the wire *. The resist- 
ance per unit length must vary rapidly at the front, being 
much greater there than in the body of the wave ; thus 
causing a throwing back, equivalent to electrostatic or "jar " 
retardation. 

Now, according to the electromagnetic theory, the resist- 
ance must be infinitely great at the front. Thus, alternate 
the current sufficiently slowly, and the resistance is practically 
the steady resistance. Do it more rapidly, and produce 
appreciable departure from uniformity of distribution of 
current in the wire, and we increase the resistance to an 
amount calculable by a rather complex formula. But do it 

* The distance within which, reckoned from the front of the wave 
backward, there is material increased resistance, we may get a rough idea 
of by the distance travelled by the wave in the time reckoned to bring 
the current-density at the axis of the wire to, say, nine tenths of the finw 
value. It has all sorts of values. It may be 1 or 1000 kilometres, 
according to the size of wire and material. At the front, on the assump- 
tion of constant resistance^ the attenuation is according to €— R</2Lj R being 
the resistance, and L the mductance of the circuit per unit length. Hence 
the importance of the increased resistance in the present question. 
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very rapidly, and cause the current to be practically confined 
to near the boundary, and we have a simplified state of things 
in which the resistance varies inversely as the area of the 
boundary, which may, in fact, be regarded as plane. The 
resistance now increases as the square root of the frequency, 
and must therefore, as said, be infinitely great at the front of 
a wave, which is also clear from the fact that penetration is 
only just commencing. 

Ibut for many reasons, some already mentioned, it is far 
more probable that the wire is a dielectric. If, as all physi- 
cists believe, the aether permeates all solids, it is certain that 
it is a dielectric. Now this becomes of importance in the 
very case now in question, though of scarcely any moment 
otherwise. Instead of running up infinitely, the resistance 
per unit area of surface of a wire tends to the finite value 
inrfiiVi. This is great, but far from infinity, so that the 
attenuation and change of shape of wave at its front pro- 
duced by the throwing back cannot be so great as might 
otherwise be expected. 

Thus, in general, at such a great frequency that conduction 
is nearly superficial, we have, if /i, c, A, and g belong to the 
wire, 

E/H=(47rjr+/Li^)*(4^)fe-hcp)-*, . . . (281) 

if E is the tangential electric force and H the magnetic force, 
also tangential, at the boundary of a wire. Now let R' and 
U be the resistance and induc^nce of the wire per unit of its 
length. We must divide H by 47r to get the corresponding 
current in the wire, as ordinarily reckoned. So 47rA""^ times 
the right number of (281) is the resistance-operator of unit 
length, if A is the surface per unit length ; so, expanding 
(281), we get 



R'or 



where piy pj are as before, in (208). Here n/27r = frequency. 
Disregarding g, and p^^ we have 

R'orL^n=(i)*47r^t?A-MB±B2}*, . . (283) 
\7here 

B=n(4pi2-»-n2)-*=7w| (47rA)2 + nV}"*. 

When c is zero, R' and Vn tend to equality, as shown by 
Lord Rayleigh. But when c is finite, Un tends to zero, and 
R' to 47r/Lct?A"*, as indeed we can see from (281) at once, by 
the relative evanescence of h and g^ when finite. 
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But the frequency needed to bring about an approximation 
towards the constant resistance is excessive; in copper, we 
require trillions per second. This brings us to me third 
reason mentioned ; we have no knowledge of the properties of 
matter under such circumstances, or of aether either. The 
net result is that although it is infinitely more probable that 
the resistance should tend to constancy than to infinity, yet 
the real value is quite speculative*. Similar remarks apply to 
sudden discharges, as of lightning along a conductor. The 
above W, it should be remarked, is real resistance, in spite of 
its ultimate form, suggestive of impedance without resistance t- 
The present results are corroborative of those in Part I., and, 
in fact, only amount to a special application of the same. 

44. Reflecting Barriers. — Let the medium be homogeneous 
between r=ao and r=a,, where there is a change of some 
kind, yet unstated. Let between them the surface r=a be a 
sheet of vorticity of e of the first order. We already know 
what will happen whenyV is started, for a certain time, until 
in fact the inward wave reaches the inner boundary, and, on 
the other side, until the outward wave reaches the outer 
boundary; though, unless the surface of/ is midway between 
the boundaries, the reflected wave from the nearest barrier 
will reach into a portion of th^ region beyond/, by the time 
the further barrier is reached by the primary wave. The 

* The above was written before the publication of Professor Lodge's 
highly interesting lectures before the Society of Arts. Some of the ex- 
periments described in his second lecture are seeminglv quite at variance 
with the electromagnetic theory. I refer to the smaller impedance of a 
short circuit of fine iron wire than of thick copper^ as reckoned bv the 
potential-difference at its beginning needed to spark across the circiut be- 
tween knobs. Should this be thoroughly verified, it has occurred to me 
as a possible explanation that things may be sometimes so nicely balanced 
that the occurrence of a discharge may be determined by the state of the 
skin of the wire. A wire cannot be homogeneous right up to its boundary, 
with then a perfectly abrupt transition to air; and the electrical properties 
of the transition-layer are unknown. In particular, the skin of an iron 
wire may be nearly immagnetizable, fi var3ring from 1 to its fuH value, in 
the transition-layer. Consequently^ in the above formula^ resistance infiv 
per unit surfia.ce, we may have to take /x=l in the extreme, in the case of 
an iron wire. But even then, the explanation of Professor Lodge's results 
is capable of considerable elucidation. Perhaps resonance will do it. 

t There is a tendency at present amongst some writers to greatiy extend 
the meaning of resistance in electroma^etism ; to make it signify 
cause/effect. This seems a pity, owing to the meaning of resistance having 
been thoroughly specialized in electromagnetism already, in strict relation- 
ship to ^* fictional " dissipation of energy. What the popular meaning of 
" resistance " may be is beside the point. I would suggest that what is 
now called the magnetic resistance be called the magnetic reluctance; and 
per unit volume, the reluctancy. 



i 
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subsequent history depends upon the constitntion of the media 
beyond the boundaries, which can be summarized in two 
boundary conditions. The expression for E/H is, in general, 

| = -(4.*+cp)-.'^, . . . (284) 

by (120), extended, the extension being the introduction of y, 
which is a differential operator of unstated form, depending 
upon the boundary conditions. Let yo and j/i be the y^s on 
the inner and outer side of the surface of/. The differential 
equations of Ha, the magnetic force there, is then 

>={(B/HX^)-(E/H)(^;}H., . . (285) 

as in § 19. Applying (284) and the conjugate property 
(114) of the functions u and w, (since there is no change of 
medium at the surface of/), this becomes 

q yi-yo ^ * • ^ 

from which the differential equation of H at any point 
between Qq and a is obtained by changing Ua~-yoWa to 
(a/r)(w— yo^); ^^^ a.t any point between a and aj by changing 
Wa— yiW?o to (alr)(u—yiw). 

Unless, therefore, there are singularities causing failure, 
the determinantal equation is 

yi-yo=o, (287) 

and the complete solution between Oq and Oi due to /constant 
may be written down at once. Thus at a point outside the 
surface of/ we have 

(out) H=^^^-*-^g^^-"y^^-)(^"y^^^yv=<^-'/; (288) 

and therefore, if /starts when /=0, 

H= I- +-^2 (^«~y^«)(^^y^) . ^^^"*"^ ep« (289) 

^0 ^ p{dMp)(i/i''yo) q y ' \ J 

p being now algebraic, given by (287) ; ^o ^^® steady <^, from 
(218) ; and y the common value of the (now) equal y's ; which 
identity makes (289) applicable on both sides of the surface 

of/ 

45. Construction of yi and i/q. — In order that t/i and t/o 
should be determinable in such a way as to render (286) true, 
the media beyond the boundaries must be made up of any 
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number of concentric shells^ each being homogeneous^ and 
having special values of c, *, fi, and g. For the spherical 
functions would not be suitable otherwise, except during 
the passage of the primary waves to the boundaries, or until 
they reached places where the departure from the assumed 
constitution commenced. Assuming the constitution in homo- 

geneous spherical layers, there is no difficulty in building up 
le forms of y^, andyi in a very simple and systematic manner, 
wholly free from obscurities and redundancies. In any 
layer the form of E/H is as in (284), containing one y. Now 
at the boundary of two layers E is continuous, and also H 
(provided the physical constants are not infinite), so E/H is 
continuous. Equating, therefore, the expressions for E/H in 
two contiguous media expresses the y of one in terms of the 
y of the other. Carrying out this process from the origin 
up to the medium between Oq and a, expresses yo in terms of 
the y of the medium containing the origin ; this is zero, so 
that yo is found as an explicit function of the values of u, w, 
u'j uf at all the boundaries between the origin and a©. In a 
similar manner, since the y of the outermost region, extend- 
ing to infinity, is 1, we express yi, belonging to the region 
between a and ai, in terms of the values of u, &c. at all the 
boundaries between a and oo . Each of these four functions 
wiU occur twice for each boundary, having diflerent values of 
the physical constants with the same value of r, I mention 
this method of equation of E/H operators because it is a far 
simpler process than what we are led to if we use the vector 
and scalar potentials; for then the force of the flux has three 
component vectors — the impressed force, the slope of the scalar 
potential, and the time-rate of decrease of the vector potential. 
The work is then so complex that a most accomplished mathe- 
matician may easily go wrong over the boundary conditions. 
These remarks are not confined in application to spherical 
waves. 

If an infinite value be given to a physical constant, special 
forms of boundary condition arise, usually greatly simplified ; 
e. g. infinite conductivity in one of the layers prevents electro- 
magnetic disturbances from penetrating into it from without ; 
so that they are reflected without loss of energy. 

Knowing y-i and y^ in (288), we virtually possess the sinu- 
soidal solution for forced vibrations, though the initial effects, 
which may or may not subside or be dissipated, will require 
further investigation for their determination; also the solu- 
tion in the form of an infinite series showing the effect 
of suddenly starting / constant; also the solution arising 
from any initial distribution of E and H of the kind appro- 
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priate to the fnnctioiis^ viz. snch as may be produced by 
vorticity of e in spherical layers, proportional to v (or vQ^^ in 
general). But it is scarcely necessary to say that these solu- 
tions in infinite series, of so very general a character, are more 
ornamental than useful. On the other hand, the immediate 
integration of the differential equations to show the develop- 
ment of waves becomes excessively difficult, from the great 
complexity, when there is a change of medium to produce 
reflexion. 

46. Thin Metal Screens. — This case is sufficiently simple 
to be useful. Let there be at r=a| a thin metal sheet inter- 
posed between the inner and outer nonconducting dielectrics, 
the latter extending to infinity. If made infinitely thin, E is 
continuous, and H discontinuous to an amount equal to 4tir 
times the conduction current (tangential) in the sheet. Let 
Ki be the conductance of the sheet (tangential) per unit area; 
then 

(H/E)in-(H/E)out=47rKi at r^a^ 

Therefore by (284), when the dielectric is the same on both 
sides, 

where the functions Wi, Ac. have the r=ai values. From 
this, 

_ 1 -(47rKi/cpy)V(u/ - V) Q^. 

yi-i_(4^Ki/cpj)v«-o • • • ^ ^ 

expresses yx for an outer thin conducting metal screen, to be 
used in (286) . If of no conductivity, it has no effect at all, 
passing disturbances freely, and yi= 1. At the other extreme 
we have infinite conductivity, making yi=wi7t^/, with com- 
plete stoppage of outward-going waves, and reflexion without 
absolution, destroying the tangential electric disturbance. 

When the screen, on the other hand, is within the surface 
of/, say, at r=ao, of conductance Kq per unit area, we shall 
find 

^° 1 + (4^Ko/cpg^)Mo V 

where Mq, &c. have the r=ao values. The difference of form 
from yi arises from the different nature of the r functions in 
the region including the origin. As before, no conductivity 
gives transparency (yo=0), and infinite conductivity total 
reflexion (yo=Mo7^oO' When the inner screen is shifted up 
to the origin, we make yo^^ ^^^ ^ remove it. 
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47. Solution toith outer screen ; Ki=qo ; / constant. — Let 
there be no inner screen and let the outer be perfectly con- 
ducting. As J. J. Thomson has considered these screens*, I 
will be very brief, regarding them here only in relation to the 
sheet of/and to former solutions. The determinantal equation is 

w/=rO, or \siXix=^x{l-a?y\ . . . (292) 

i( a^ipa/v. Boots nearly 7r, 27r, Stt, Ac; except the first, 
which is considerably less. The solution due to starting/ 
constant, by (289) is therefore 

H=Oa//irr)S(MMaV/«iV0^'; • • (293) 
which, developed by pairing terms, leads to 

TT j/va ^ai^—a^+1^ . vta/ a^ . \xr / ai . \xa 

^= — 2-373 — s\ 2sm — (cos ^smj —(cos ^sml — , (2M^ 

fivr ar(a?--2) Oj \ oor / a^\ xa Ja^^ ^ ^^ 

which of course includes the effects of the infinite series of 
reflexions at the barrier. By making ai=Qo, however, the 
result should be the same as if the screen were non-existent, 
because an infinite time must elapse before the first reflexion 
can begin, and we are concerned only with finite intervals. 
The result is 

^ fya 2r" ^mx^vtl 1 . \ / 1 . \ ^^^^^ 

H = 1 o^i *— (cos sm \x^r\ cos sm k,a, (295) 

which must be the equivalent of the simple solution (142) of 
§ 21, showing the origin and progress of the wave. 

Now reduce it to a plane wave. We must make a infinite, 
and r-'-a^^z finite. Also take fv^e, constant. We then 
have 

showing the H at ^ due to a plane sheet of vorticity of e 
situated at J8=0. This is the equivalent of the solution (12) 
of § 2, indicating the continuous uniform emission of 
T3.=e/2/JLV both ways from the plane 0=0. 

Beturning to (294), it is clear that from t=Otot= (ai — a)/v, 
the solution is the same as if there were no screen. Also if a 
is a very small fraction of ai, the electromagnetic wave of 
depth 2a will, when it strikes the screen, be reflected nearly as 
from a plane boundary. It would therefore seem that this 

* In the paper before referred to. 
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On Electromagnetic Waves, especially in delation to the Vorticity 
of the Impressed Forces ; and the Forced Vibrations of 
Electromagnetic Systems. By Olivbr HBiLVlfiiDB. 

[Continued from p. 156.] 

Spherical Electromagnetic Waves. 

15. T EAYING the subjeot of plane waves, those next in 
J-^ order of simplicity are tne spherical. Here, at the 
very beginning, the question presents itself whether there can 
be anytning resembling condensational waves ? s 

Sir W. Thomson (Baltimore Lectures, as reported by Forbes 
in * Nature," 1884) suggested that a conductor charged rapidly 
alternately + and — would cause condensational waves in 
the ftther. But there is no other way of charging it than by 
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a current from somewhere else, so he suggested two conducting 
spheres to be connected with the poles of an alternating dynamo. 
The idea seems to be here that electricity would be forced out 
of one sphere and into the other to and fro with great rapidity, 
and that between the spheres there might be condensational 
waves. 

But in this case, according to the Faraday law of induction, 
the result would be the setting up of alternating electromagnetic 
disturbances in the dielectric, exposing the bounding surfaces 
of the two spheres to rapidly alternating magnetizing and 
electrizing force, causing waves, approximately spherical 
at least, to be transmitted into the spheres, in tne diffusion 
manner, greatly attenuating as they progressed inward. 

Perhaps, however, there can be condensational waves if we 
admit that a certain quite hypothetical something called elec- 
tricity is compressible, instead of being incompressible, as it 
must be if we in Maxwell's scheme make the unnecessary 
assumption that an electric current is the motion through 
space of the something. In fact. Prof. J. J. Thomson has 
calculated* the speed of condensjitional waves supposed to 
arise by allowing the electric current to have convergence. 
But a careful examination of his equations will show that the 
condensational waves there investigated do not exist, i. e. the 
function determining them has the value zerof. 

1(). To construct a perfectly general spherical wave we may 
proceed thus. The characteristic equation of H, the magnetic 
force, in a homogeneous medium free from impressed force is, 
by (2) and (3), 

V^K=(A7rfikp-\-fjLcp^)IL (93) 

Now, let r be the vector distance from the origin, and Q any 
scalar function satisfying this equation. Let 

H=curl(rQ) (94) 

Then this derived vector will satisfy (93), and have no con- 
vergence, and have no radial component, or will be arranged 
in spherical sheets. From it derive the other electromagnetic 
quantities. Change H to E to obtain spherical sheets of 
electric force. 

This method leads to the spherical sheets depending upon 
any kind of spherical harmonic. They are, however, too 
general to be really useful except as mathematical exercises. 
For the examination of the manner of origin and propagation 

* B. A. Report on Electrical Theories. 

t I ought to qualify this by adding that the investiffation seems very 
obscure, so that although I cannot make the system wo^, yet others may 
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of waves, zonal harmonics are more useful, besides leading to 
the solution of more practical problems. It is then not difficult 
to generalize results to suit any kind of spherical harmonic. 

17. The simplest Spherical Waves, — Let the lines of H be 
circles, centred upon the axis from which is measured, and 
let r be the distance from the origin. We have no concern 
with ^ (longitude) as regards H, so that the simple specifi- 
cation of its intensity H fully defines it. Under these 
circumstances the equation (93) becomes 

(rHr+J(vrHr=(47r/.o*p+/ioc/)H,^ 

= j3H, say, ^ 

where the acute accent denotes difierentiation to r, and the 
grave accent to cos^ or /it, whilst v stands for sin^. The 
inductivity will be now ijlq^ to avoid confusing with the fJL of 
zonal harmonics. Equation (95) also defines q in the three, 
forms it can assume in a conductor, dielectric, and conducting 
dielectric. 

Now try to make of rH an undistorted spherical wave, i, e, 
H varying inversely as the distance, and travelling inward or 
outward at speed v. Let 

rH=A/(r-r^) (96) 

where A is independent of r and t. Of course we must have 
4=0, making q^p/v. Now (96) makes 

v2(rH)''=rp2H ; (97) 

which, substituted in (95), gives 

KvHy'=0; (98) 

therefore 

Av=Ai/lH-Bi (99) 

From these we find the required solutions to be 

H=E//*of= ^^^^Fo'(r-rO, . . . (100) 

F = /iov-^Fo(r— T?0; (101) 

where Fq is any function, Ai and Bi constants, E and F the 
two components of the electric force, F being the radial com- 
ponent out, and E the other component coinciding with a line 
of longitude, the positive direction being that of increasing 0y 
or from the pole. Similarly, if the lines of E be circular 
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idboqt the axis, we have the solutions / 

E--.Mo«'H.= -/*of^i^^Fo'(r~„0, • (102) 

Hr=^Fo(r-eO, (103) 

where H^^ and H« are the radial aiyl tangential components 
ofH. 

Bat both these systems involve infinite values at the axis. 
We must therefore exclude the axis somehow to make use of 
them. Here is one way. Describe a conical surface of any 
angle ^i, and outside it another of angle ^3, and let the dielec- 
tric lie between them. Make the tangential component of E 
at the conical surfaces vanish, requiring infinite conductivity 
there, and we make F vanish in (101), and produce the solution 

E=/iot?H=:?^r-vO, .... (104) 

exactly resembling plane waves as regards r^E. Here B is 
the same as /iot^Bj, and /the same as Fq', in equation (100) *. 
18. Now bring in zonal harmonics. Split equation (95) 
into the twp 

* In order to render this arrangement (104^ intelligible in terms of 
inore everyday quantities, let the angles ^^ and B^ be smaJl, for nmplicitj 
of representation ; then we bave two infinitely conducting ti^bes of gra- 
dually increasing diameter enclosing between them a non-conducting 
dielectric. Now change the variables. Let V be the line-integral of E 
across the dielectric, following the direction of the force ; it is the poten- 
tial-difference of the conductors. Let 4irC be the line-integral of H round 
the inner tube; it is the sapie for a given value of r, independent of 6\ 
is therefor^ what is commonly called the current in the conductor. We 
jshall have 

V=Li<:J, 0=Si;V, LSv»?=1j 

where L is the indiictance and S the permittapce, per u^it length of the 
(Circuit. The value of L is. 

L=2/io log [(tan i^,)^ (tan i^^] J 

sp that the circifit has uniform inductance and permittflmce. The value 
pf C in terpis of (104) is 

When the tubes have constant ladii o^ and. a^ the value of L ^educea to 
the well, known 

L«s2/i^log(aa/ai), 

of oomsentric cylindenk Tha "^ve may go either w«^< thpiigh only t)ie. 
potativ^ wave is mentioned* 
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(rHr={3»+^<^>}rH, . . . (105) 

J(.'Hr=-2<^)H (106) 

The equation (106) has for solution 

where A is independent of 0, and is to be found from (105). 

The most practical way of getting the r functions is that 
followed by Professor Rowland in his paper*, wherein be treats 
of the waves emitted when the state is sinusoidal with respect 
to the time. We shall come across the same waves in some 
problems. 

n=V^ — y(i\ (107) 



Let ^ ^ c'^ 



Then the equation of P^ is, by insertion of (107) in (105), 

F^ + 2gF= '^^y^^ P; (108) 

and the solation, for practical purposes with complete har- 
monics, is 

p_-| tn{m + l) w(m»~l»)(m + 2) 

m(» t»-l)(m«-2»)(m + 3) . ,,^q^ 
2Alq^ + ^^^^' 

We shall find the first few useful, thus : — 

Pi=i-(?r)-', 

P,=l-3(jr)- + 3(yr)-«, J- . (110) 

P,= l-6(^)-« + 15(gr) 

Now let 17=6*^?, so that U is the r function in Hr. If 
we change the sign of q in U, producing, say, W, it is the 
required second smntion of (105). Thus 

in the very important case of Qi, when w=l. 

* Phil. Mag. June 1884, " On the Propagation of an Arbitrary Electro- 
magnetic Disturbance, Spherical Waves of Light, and the i^ynamical 
Theory of Refraction.'' Prof. J. J. Thomson has also considered spherical 
waives in a dielectric in his paper ^^ On Electrical Oscillations and Elfecte 
pcodtUced \>y the MotioB of an Electrified ^heos/' Rroc. London Math. 
Soc. vol. XV., April 3, 1884 
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The oonj agate property of U and W is 

UW'-U'W=~2y, (112) 

which is continually aseful. 

We have next to combine U and W so as to produce 
functions suitable for use inside spheres^ right up to the 
centre^ and finite there. Let 

tt=i(U+W), tr=i(U-W). . . . (113) 

It will be found that when m is even, ti^/r is zero and ujr 
infinite at the origin ; but that when m is odd, it is ujr that 
is zero at the origin and w infinite. 
The conjugate property of u and w is 

uvf-^xJw^q^ (114) 

corresponding to (112). 

19. Construction of the Differential Equations connected mth 
a Spherical Sheet of Vorticity of Impressed Force. — Now let 
there be two media — one extending from r=0 to r^^a^ in 
which we must therefore use the u function or w function, 
according as m is odd or even, and an outer medium, or at 
least one in which q has a diflferent form in general. Then, 
within the sphere of radius a, we have 

H=Ar-X (115) 

-AiB=Ar-V, (116) 

where A,=47rA + <?p, and we suppose m odd. It follows that 

1=4:'; ■•■;•• <"'> 

In the outer medium use W, if the medium extends to 
infinity, or both U and W if there be barriers or change 
of medium. First, let it be an infinitely extended medium. 
Then, in it, 

H=Br-i(w-t^), (118) 

-Jfc2E = B7--i(w'-«/), (119) 

where ki^4LTtk'\'Cp in the outer medium. From these 

^^_liJ-u[ 

H ^2 u—w ' ' ^ ^ 

(117) and (120) show the forms of the resistance-operators on 
the two sides*. 

* Some rather important considerations are presented here. On what 
principles should we settle which functions to use, internally and exter- 
nally, seeing that these functions U and W are not quantities, hut diffe- 
rential operators P First, as regards the space outside the surface of origin 
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Now, at the surface of separation, r^^a^ H is continuous 
(unless we choose to make it a sheet of electric current, which 
-we do not) ; so that the H in (117) and in (120) are the same. 
We only require a relation between the E's to complete the 
differential equation. 

Let there be vorticity of impressed force on the surface 
r=a, and nowhere else (the latter being already assumed). 

curl e = curl E (121) 

is the surface-condition which follows ; or, if/ be the measure 
of the curl of e, /=Ba-Ei, (122) 

E} meaning the outer and Ej the inner E. Therefore 

/=H.(|-|.) (123) 

Ha denoting the surface H. So, by (117) and (120), used 
in (123), 

/=(i;°^-5^)=- (— )•• • <"*) 

the required differential equation. Observe that t/j only 
differs from u^ and rjoi from trj in the different values of q 
inside and outside (when different), and that r^^a in all. 

of disturbances. The operator f9r turns /(^) vato f(t-{-rlv\ and can there- 
fore only be possible with a negative wave, coming to tne origin. But 
there cannot be such a wave without a barrier or chaoge of medium to 
produce it. Hence the operator e-ff*" alone can be involved in the extenwd 
solution when the medium is unbounded, and we must use W. Next, 
go inside the sphere r^^a. It is clear that both U and W are now needed, 
because disturbances come to any point from the further as well as from 
the nearer side of the surface, thus cominff from and goiug to the centre. 
Two questions remain : Why take U and W in equal ratio P ; and whv 
their sum or their difference^ according as m is odd or even P The first is 
answered by stating the facts that, although it is convenient to assume 
the origin to be a place of reflexion, yet it is really only a place where 
disturbances cross, and that the H produced at any point of the surface 
is (initially) equal on both sides of it. The second question is answered 
by stating the property of the Q^m function, that it is an even function of 
/i when m is odd, and conversely ; so that when m is odd the H dis- 
turbances arriviog at any point on a diameter from its two ends are of 
the same sign, requiring U+W ; and when m is even, of opposite signs, 
requiring U— W. 

Similar reasoning applies to the operators concerned in other than 
sphericid waves. Cases of simple diffusion are brought under the same 
rules by generalizing the problem so as to produce wave-propagation with 
finite speed. On the other hand, when tnere are barriers, or changes of 
media, there is no difficulty, because the boundary conditions tell us 
in what ratio U and W must be taken. 
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Equation (124) wp^iem to anr odd m. When nt iBeren, ex- 
change u and tr, also «^ and w'. InthemdisYstonweniaTwrite 

/.=*^H., ..'... .'(125) 

the form of ^ being given in (124). The Torticitjr of the 
impreMed force ia of course reetricted to be of the proper kind 
to suit the mth aonal harmonic Thus, anj distribaticm of 



▼orticitjr whose lines are the lines of hUitode on the 
snr&ce maj be expanded in the form 

S/.rQ:, (126) 

and it is the mth of these distributions which is iuTolved in 
the preceding. 

20. Both media being supposed to be identical, ^ reduces 

^ 1 

» = j^ , ^ . , (127) 

by using (114) in (124). This is with m odd ; if even, we 
snail get 

*i ir.(i*.— IT.) 

In a non-dielectric conductor, ki^i^k, and q^ssifirfikp; so 
that, keeping to m odd, 

In a non-conducting dielectric, ij^g?, and g=zp/v; so 

» « - . ^^ (130) 

M.(tl.— IT.) "^ ^ 

In this case the complete differential equation is 

H.= 2^«.(«.-trO/,, .... (131) 

when there is anj distribution of impressed force in space 
whose vorticity is represented by (126). 
Outside the sphere, consequently 

H = 2^%.(«-«)/., . . . (132) 

-cpE = 2^ ? « (tt'-«/)/^ . . (133) 

understanding that when no letter is affixed to u or Wy the 
value at distance r is meant. We see at Once that Ua^O 
makes the external field vanish, t. e. the field of the particular 



(out) 



i 
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/ concerned. This happens, when / is a sinusoidal function 
of the time, at definite frequencies. Also, inside the sphere^ 

H = 2^%(u.-w.)/«, . . (134) 



(in) } 



-opE=2i^ ?„'(„._„.)/,. 



. . (185) 

As for the radial component F, it is not often wanted. It is 
got thus from H : — 

-cpF=\(yS)\ (136) 

where for cp write 47rA+cp in the general case. Thus^ the 
internal F corresponding to (135) is 

(in) opF= 2^?^^^) p«(«,-w.)/,Q,. (137) 

21. Practical Problem. Uniform Impressed Force in tlie 
Sphere. — If there be a uniform field of impressed force in the 
sphere, parallel to the axis, of intensity /i, its vorticity is 
represented by fi sin on the surface of the sphere. It is 
therefore the case m=l in the above. Let this impressed 
force be suddenly started. Find the efiect produced. We 
have, by (132) * 

(out) H=t«.(tt-tr)^; .... (138) 

* It will be observed that the operator connecting /i and H is of such 
a nature that the process of expansion of H in a series of normal functions 
fails. I have examined several cases of this kind. The invariable rule 
seems to be that when there is a surface of vorticity of e, leading to an 
equation of the form^=s<^H, and there is a change of medium somewhere, 
or else barriers, causing reflected waves, the lorm of ^ is such that we 
can, when/b constant, starting at ^=0, solve thus 

extending over all the (algebraical) p roots of ^==0, which is the determi- 
nantal equation. But should there be no change of medium, the conjugate 
property of the functions concerned comes into play. It causes a great 
simplification in the form of <f), and makes the last method fail completelv, 
all traces of the roots having disappeared. But if we pass continuously 
from one case to the other, then the last formula becomes a definite inte- 
gml. On the other hand, we can immediately integrate /=^H in its 
simplified form^ and obtain an interpretable equivalent for the definite 
integral, which latter is more ornamental than usefid. In the simplified 
form, (j} may be either rational or irrational. The integration of the irra« 
tional forms will be given in some later problems. 
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oTy in full, referring to the forms of u and tc. equations (110) 
to (113), 



2/iowt \ qa/\ qrj 



+,-^,*.,(l+l)(l+i)}y.^. • (139) 

Effect the integrations indicated by the inverse powers of q 
or p/v ; thus 

^/.^ ('«) 

if fi be zero before and constant after ^=0. As for the 
exponentials, use Taylor's theorem, as only differentiations 
are involved. We get, after the process (140) has been 
applied to (139), and then Taylor's theorem carried out, 

where * .* » 

vti^vt-^r-^-ay 

vt^^^vt^r — a. 

It is particularly to be noticed that the ti part of (141) only 
comes into operation when ^i reaches zero, and similarly as 
regards the t^ part. Thus, the first part expresses the primary 
wave out from the surface ; the second, arriving at any point 
2a/v later than the first, is the reflected wave from the centre, 
arising from the primary wave inward from the surface. 
The primary wave outward mav be written 

where t?^>(r— a), and the second wave by its exact negative, 
with vt>(r + a). Now, by comparing (132) with (134), we 
see that tne internal solution is got from the external by 
exchanging a and r in the ^ |.'s in (139) and (141), including 

also in ti and t^. The result is that (142) represents the 
internal H in the primary inward wave, vt having to be 
>(a'^r); whilst its negative represents the reflected wave, 
provided t?<>(a + r). 

The whole may be summed up thus. First, vt is <a. 
Then (142) represents H everywhere between r=a-\'Vt and 
r^^a-^vt. But when vt is >a, H is given by the same 
formula between the limits r=i;^— a and vt-^a. In both 
cases H is zero outside the Umits named. 
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The reflected wave, Buperimposed on the primary, annuls 
the H disturbance, which is therefore, after the reflexion, 
confined to a spherical shell of depth 2a containing the un- 
cancelled part of the primary wave outward. 

The amplitude of H at the fronts of the two primary waves, 
in and out, before the former reaches the centre, is 

(/im)-r(2;ioi^). 

After the inward wave has reached the centre, however, the 
amplitude of H on the front of the reflected wave is the 
negative of that of the primary wave at the same distance, 
which is itself negative. 

The process of reflexion is a very remarkable one, and 
difficult to fully understand. At the moment t=a/v that the 
disturbance reaches the centre, we have H=(/iv)-r-(4ftot?), 
constant, all the way from r=0 to 2a, which is just half the 
initial value of H on leaving the surface of the sphere. But 
just before reaching the centre, H runs up infinitely for an 
infinitely short time, infinitely near the centre ; and just 
after the centre is reached we have H=— oo infinitely near 
the centre, where the H disturbance is always zero, except 
in this singular case when it is seemingly finite for an infinitely 
short time, though, of course, v is indeterminate. . 

With respect to this running-up of the value of H in the 
inward primary wave, it is to be observed that whilst H 
is increasing so fast at and near its front, it is falling else- 
where, viz. between near the front and the surface of the 
sphere ; so that just before the centre is reached H has only 
half the initial value, except close to the centre, where it 
is enormously great. 

After reflexion has commenced, the H disturbance is 
negative in the hinder part of the shell of depth 2a which 
goes out to infinity, positive of course still in the forward 
part. At a great distance these portions become of equal 
depth a; at its front H= (/iva)(2/AQvr)"^, at its back 
H= — ditto; using of course a different value of r, 

22. As regards the electric field, we have, by (133), 

(out) E=-^^J«„(«'-«/)/,; . . (143) 
which, expanded, is 

Phil. Mag. S. 5. Vol. 25. No. 156. Mat/ 18«8. 2 D 
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comparing which with (139), we see that 

B=M«H+g{e-^'-.>-l,(l-i)+e-^'..)^(l + l)}/,.(145) 

We have, therefore, only to develop the second part, which is 
not in the same phase with H. It is, in the same manner as 
before, 

only operating when r^i=r^— r+a, and vti^vt-^r-^a are 
positive. Or, 

1 and 2 referring to the two waves. So, when vt>(r-{-a)y 
and the two are coincident, we have the sam 

E=-^, (147) 

which is the tangential component of the steady electric field 
left behind. 

The radial component F is, by (137), 

(o.t) F=?^{.-«-.(i+^-^-^) + ...}/„ (148) 

where the unwritten term . . . may be obtained from the pre- 
ceding by changing the sign of a. Or, 

where v^i = t?^ + a — r . Or, 

so that, when both waves coincide, we have their sum, 

F = M^^, (151) 

which is the radial component of the steady field left behind 
by the part of the primary wave whose magnetic field is 
wholly cancelled. 
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To verify, the aniform field of impressed force of intensity 
/i, by elementary principles, produces the external electric 
potential 3 

i2=/lCOS^~;3, 

whose derivatives, radial and tangential, taken negatively, 
are (151) and (147). The corresponding internal potential 

is 

ft = ^/i r cos 0. 

But its slope does not give the force E left behind within the 
sphere, because this E is the force of the flux. Any other 
distribution of impressed force, with the same vorticity, will 
lead to the same E. Our equation (135) and its companion 
for F, derived from (134) by using (136), lead to the steady 
field (residual) 

E = -f/isin5, F=f/iCos^, . . • (152) 

the components of the true force of the flux. Add e to the 
slope of n to produce E *. 

F is always zero at the front of the primary wave outward, 
and E =yLeovH, At the front of the primary wave inward F is 
also zero, and B = — /LtQvH. After reflexion, F at the front 
of the reflected wave is still zero, but now E=/AQt?H. 

The electric energy Ui set up is the volume-integral of the 
scalar product ^eD. That is, 

U.=i/.x|gx^ = «^\ . . (153) 

But the total work done by e is 2Ui, by the general law 
that the whole work done by impressed forces suddenly 
started exceeds the amount representing the waste by Joule 
heating at the final rate (when there is any), supposed to 
start at once, by twice the excess of the electric over the 
magnetic energy of the steady field set up. It is clear, then, 
that when the travelling shell has gone a good way out, and 
it has become nearly equivalent to a plane wave, its electric 
and magnetic energies are nearly equal, and each nearly ^Ui 

* Sometimes the flux is apparently wrongly directed. For example, a 
miiform field of impressed force from left to right in all space except a 
spherical portion produces a flux from right to leit in that portion. This 
is made mtelligible by the above. Ijet the impressed force act in the 
space between r^a and r^h, a being small and h great. In the inner 
sphere the first efiects are those due to the r=^a vorticity, and the flux 
left behind is against the fojce. But after a time comes the wave from 
the r=5 vorticity, which sets matters right. The same applies in the 
case of conductors, when, in fact, a long time might have to elapse before 
the second and real permanent state conquered the first one. 

2D2 
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in value. I did not, however, anticipate that the magnetic 
energy in the travelling shell would torn out to be constant, 
viz. iUi daring the whole journey, from <=a/r to *=x> , so 
that it is the electric energy in the shell which gradually 
decreases to ^Ui- Integrate the square of H according to 
(142) to verify. 

23. The most convenient way of reckoning the work done, 
and also the most appropriate in this class of problems, is by 
the integral of the sodar product of the curl of the impressed 
force am the magnetic force. Thus, in our problem 

2Ui = J d«2er = J dt^iR curi e/iw 

= J/^'JHA (154) 

where dS is an element of the surface r=a. So we have to 
calculate the time-integral of the magnetic force at the place 
of vorticity of e, the hmits being and 2a/v. This can be 
easily done without solving the full problem, not only in the 
case of m=l, but m = any integer. The result is, if U^ 
be the electric energy of the steady field due to/^, 

jH/'=5^-. • • ■ • 055) 

and, therefore, by surface-integration according to (154), 

^U^ is the magnetic energy in the mth travelling shell. I 
have entered into detail in the case of m=l, because of its 
relative importance, and to avoid repetition. In every case 
the magnetic field of the primary wave outward is cancelled 
by that of the reflexion of the primary wave inward, pro- 
ducing a travelling shell of depth 2a, within which is the 
final steady field. There are, however, some differences in 
other respects, according as m is even or odd. 

Thus, m the case m=2, we have, by (110) to (113), 

i(n.-w.)w=t{^-(i-l+^) 

_.-.,.*.^l+i+^)}x(l + | + -|,). 057, 

Making this operate upon /j, zero before and constant after 
t=0, we obtain, by (132), (140), and Taylor's theorem, 

<«'*)°=i;i^l4 + 8V^+^)-'^'^i(;i+««)+8iV- ••• j(158) 
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In the wave represented, t?i>(r— a), it being the primary 
wave out. The unrepresented part, to be obtained by- 
changing the sign of a within the ^ } , is the reflected wave, 
in which r<>(r-f a). 

To obtain the internal H exchange a and r within the i \ 
in (158). The result is that 

expresses the H solution always, provided that when vt<a 
the limits for r are a—vt and a + vt ; but when vt>a^ they 
are vt^a and vt + a. 

At the surface of the sphere, 

from i = to 2d/v. It vanishes twice, instead of only once, 
intermediately, finishing at the same value that it commenced 
at, instead of at the opposite, as in the m=l case. 

The radial component F of E is always zero at the front of 
either of the primary waves or of the reflected wave, and 
E= ±/mqvH.j according as the wave is going out or in. In 
the travelling shell H changes sign m times, thus making 
m + 1 smaller shells of oppositely directed magnetic force. 
At its outer boundary 

E=fiovR=i/jfQ^(a/r), . . . (161) 

and at the inner boundary the same formula holds, with + 
prefixed according as m is even or odd. 

In case m=3, the. magnetic force at the spherical surface 

from <=0 to 2a/v, after which, zero. 

24. Splwricai Sheet of Radial Impressed Force. — If the 
surface r=:a be a sheet of radial impressed force, it is clear 
that the vorticity is whollv on the surface. Let the intensity 
be independent of 0, so tnat 

«=2«,Q» (163) 

The steady potential produced is 

(in) V, = -2.,Q„2^j(y. . (164) 
(out) V,= + 2.„Q„2^(^^)"'", (165) 
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becaiue, at r^a^ these make 

V,-Vi-«, «Dd ^'=^»; . . (166) 

i.e. potential-<lifferenoe e and oontiiiiiiiy of displacement. 
The normal component of displacement is 

therefore, integrating oyer the sphere, the total work done 

2u=2«dg!^, . • • • a««) 

which agrees with the estimate (156)^ because 

• 

finds the Torticitj, /^ from the radial impressed force e\ or, 
taking 

... ^ = ,,^, 

so that the old f^^^Ja* 

25* Single Circular Vortex Line. — ^There are some advan- 
tages connected with transferring the impressed force to the 
sm&ce of the sphere, as it makes the force of the flnx and 
the force of the field identical both outside and inside. At 
the boundary F is continuous, E discontinuous. 

Let the impressed force be a simple circular shell of radius 
a, and strength e. Let it be the equatorial plane, so that the 
equator is the one line of yortidty. Substitute for this shell 
a spherical shell of strength ^e on the positive hemisphere, —^e 
on the negative, the impressed force acting radially. Expand 
this distribution in zonal harmonics. The result is 

15 . 1 . 3 . 5 ^ ) /I TAX 

^ 2.4.6.8 y'+---/> • • (1^^^ 

so that we are only concerned with the odd m^s. This equa- 
tion settling the value of ^^, the vorticity is 

^'^yQL='2.f„y(^ (171) 
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We know therefore by the preceding, the complete solution 
due to sudden starting of the single vortex line. That is^ we 
know the individual waves in detail produced by eiy e^y &c. 
The resultant travelling disturbance is therefore confined 
between two spherical surfaces of radii vt—a and vt + a, after 
the centre has been reached, or of radii a—vt and a-^vt 
before the centre is reached. But it cannot occupy the whole 
of either of the regions mentioned. 

The actual shape of the boundaries, however, may be easily 
found. It is sufficient to consider a plane section through the 
axis of the sphere. Let A and B be the points on this plane 
cut by the vortex line. Describe circles of radius vt with A 
and B as centres. If vt<a, the circles do not intersect ; the 
disturbance is therefore wholly within them. But when 
vt ia >a, the intersecting part contains no H, and only the E 
of the steady field due to the vortex line, which we know by 
§24. 

That within the part common to both circles there is no H 
we may prove thus. The vortex line in question may be- 
imagined to be a line of latitude on any spherical surface 
passm^ through A and B, and centred upon the axis. Let 
ai be tne radius of any sphere of this kind. Then, at a time 
making vt>a, the disturbance must lie between the surfaces 
of spheres of radii vt^Oi and t?i + a„ whose centre is that of 
the sphere a^. Now this excludes a portion of the space 
between the vt—a and vt-^a circles, referring to the plane 
section ; and by varjring the radius a, we can find the whole 
space excluded. Thus, find the locus of intersections of 
circles of radius 

with centre at distance z from the origin, upon the axis. 
The equation of the circle is 

or 

^+y*-2^2=r»<3 + a»-2<a«+^)*. . . (172) 

Differentiate with respect to z, giving 

z(v^t^-ai^)i^aa, (173) 

and eliminate z between (173) and (172). After reductions, 
the result is 

^ + (y±a)*=t?*e«, (174) 

indicating two circles, both of radius vt, whose centres are at 
A and B. Within the common space, therefore, the steady 
electric field has been establishei. 
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If this case be taken literally, then, since it involves an 
infinite concentration in a geometrical line of a finite amount 
of vorticity of e, the result for the steady field is infinite close 
up to that line, and the energy is infinite. But imagine, 
instead, the vorticity to be spread over a zone at the equator 
of the sphere r&sa, half on each side of it, and its surface- 
density to be/iv, where /i is finite. Consider the effect pro- 
duced at a point in the equatorial plane. From time ^=0 to 
t^sszT^a (if the point be external) there is no disturbance. 
But from time ^| to t^^b/Vj where b is the distance from the 
point to the edges of the zone, the disturbance must be iden- 
tically the same as if the harmonic distribution f^v were 
complete, viz. by (142), 

After this moment ^3, the formula of course fails. Now nar- 
row the band to width add at the equator and simultaneously 
increase /i, so as to make/iadf^=^, the strength of the shell 
of impressed force when there is but one. The formula (175) 
will now be true only for a very short time, and in the limit it 
will be true only momentarily, at the front of the wave, viz. 

/ia/2/Aot^=H=^/2/ioV^ti^, .... (176) 

Soinff up infinitely as d6 is reduced. To avoid infinities in 
le electric and magnetic forces we must seemingly keep either 
to finite volume or finite surface-density of vorticity of e, just as 
in electrostatics with respect to electrification. 

Instead of a simple shell of impressed electric force, it may 
be one of magnetic force, with similar results. As a verifica- 
tion calculate the displacement through circle v on the sphere 
r=a due to a vortex circle at V| on the same surface, the 
latter being of unit strength. It is 



av ce^v^ 



due to 2«^Q„, through the circle v. Take then 

(2«.-HlW 
2m(m4-l) 

which represents e^ due to vortex line of unit strength at vi. 
Use this in the preceding equation (177) and we obtain 

D=2^?^?^" (179) 

4 m(m + l) 
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as the displacement through v due to unit vortex line at Vj. 
Applying this result to a circular electric current, B=/ioH 
takes the place of D = rc/4^)E, as the flux concerned, wliilst 
if A be the strength of tne shell of impressed magnetic force, 
/i/47r is the equivalent bounding electric current. The in- 
duction through the circle v due to unit electric current in 
the circle vj is therefore obtainable from (179) by turning c 
to [jlq and multiplying by (4:7r)^. The result agrees with 
Maxwell^s formula for the coefficient of mutual induction of 
two circles (vol. ii. art. 697). 

It must be noted that in the magnetic-shell application 
there must be no conductivity, if the wave-formulae are to 
apply. 

26. An Electromotive Impulse. 7w=l. — Returning to the 
case of impressed electric force, let in a spherical portion of 
an infinite dielectric a uniform field of impressed force act 
momentarily. We know the result of the continued applica- 
tion of the force. We have, then, to imagine it cancelled by 
an oppositely directed force, starting a little later. Let t^ be 
the time of application of the real force, and let it be a small 
fraction of 2a/v, the time the travelling shell takes to traverse 
any point. The result is evidently a shell of depth vti at 
r^vi-^a^ in which the electromagnetic field is the same as in 
the case of continued application of the force, and a similar 
shell situated at r=v^— a, in which His negative. Within 
this inner shell there is no E or H. But between the two 
thin shells just mentioned there is a difi\ised disturbance, of 
weak intensity, which is due to the sphericity of the waves, 
and would be non-existent were they plane waves. In fact, 
at time ^=^i, when the initial disturbance 'K=fiv/2fioV has 
extended itself a small distance vti on each side of the surface 
of the sphere, there is a radial component F at the surface 
itself, since, by (150), 

F.=/,cos^(^-g), . . . (180) 

SO that the sudden removal of /j leaves two waves which do 
not satisfy the condition E=/aovH at their common surface of 
contact. On separation, therefore, there must be a residual 
disturbance between them. The discontinuity in E at the 
moment of removing /i is abolished by instantaneous assump- 
tion of the mean value, but it is impossible to destroy the 
radial displacement which joins the two shells at the moment 
they separate. Put on /i when f =0, then — /i at time ^i 
later. The H at time t due to both is by (142), 

^= W'^^'^'-^"^)' • • • • • (181) 
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which^ when ti is infinitely small^ becomes 

=-^ <"») 

First of all, at a point distant r from the centre^ comes the 
primary disturbance or head, 

when t?f=r— a, lasting for the time ^i. It is followed 
by the diffused negative disturbance, or tail, repre- 
sented by (182), lasting for the time 2a/v. At its end comes 
the companion to (182), its negative, when vt=r + a, lasting 
for time ti, after wnich it is all over. This description applies 
when r>a. If r<a, the interval between the beginning and 
end of the H disturbance is only 2r/v. From the above 
follows the integral solution expressing the effect of /i varying 
in any manner with the time. 

27. Alternating Impressed Forces. — If the impressed force 
in the sphere, or wherever it may be, be a sinusoidal function 
of the time, making ^=— n, if w=27rx frequency, the 
complete solutions arise from (132) to (135) so immediately 
that we can almost call them the complete solutions. Of 
course in any case in which we have developed the connexion 
between the impressed force and the flux, say «=Z0, or 
C=Z~^^, when Z is the resistance operator, we may call this 
equation the solution in the sinusoidal case, if we state that 
jD? is to mean — w^. But there is usually a lot of work needed 
to bring the solution to a practical form. In the present 
instance, however, there is scarcely any required, because u 
and w are simple functions of qa, and q^ is real. The sub- 
stitution p^ss—n? in w results in a real function of nr/v, and 
in w in a real function x ( — 1)*. Thus : — 



(184) 



nr V . nr ^ 

Wi =cos sin — I 

V nr V f 

,r , nr , v nr\ i ' 
t(?i=i[sm — + — cos —I 1 
\ V nr vj ^ 

(- 3v^\ nr 3v . nr 
1 5-o)cos r- sm — 

o, " "^, " >. . (185) 

1 — 2-2 jsm h — cos — v 

n^rj V nr v ) 

In the case m=l, if (/i)cos7i^ is the form of /j, so that 
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(/i) represents the amplitude^ we find, writing this case folly 
because it is the most important : — 

(out) H= ^'^'^ [cos sm) — .(cos sinU nt ) 

fiQvr \ na J V \ nr J\v /. .^g^ . 

(m) H=^=^^^^^ — (cos sm) — .(cos sm)( nt ] 

fAQvr \ nr J V \ na J\v J 

(oat) F=-^(=^Ccos-^8m)^.('sm+^cosY^-n«) 

^ ni^ \ na J V \ nr J\v J v/iggjx 

(in) F= - ^(/^)^^ fco8-^8in)^ . fsin+ ^cosY^^-n^ ) ] 
^ ^ mr \ nr J V \ na J\v /J 



t? . \fnr \ 

sm W nt ] 

nr }\v / 



(■») ^-^'{(1-;^)-+ >}?•(- 



> (185 c) 



— cosJl ni J 

na /\v J 



It is very remarkable on first acquaintance that the impressed 
force produces no external effect at all when 

^ , na na 

Ma=0, or tan — =s — . 

For the impressed force may be most simply taken to be a 
uniform field of intensity (/j) cos ni in the spnere of radius a 
acting parallel to the axis, and it looks as if external displace- 
ment must be produced. Of course, on acquaintance with the 
reason^ the fact that the solution is made up of two sets of 
waves, those outward from the lines of vorticity and those 
going inward, and then reflected out, the mystery disappears. 
To show the positive and negative waves explicitly, we may 
write the first of (185 a) in the form 

the second line showing the primary wave out, the first the 
reflected wave *. Exchange a and r within the [ ] to obtain 

* In reference to this formula (185 iS), and the corresponding ones for 
other values of m, it is not without importance to know that a very 



400 Mr. 0. Heaviside on Electromagnetic Waves, and the 

the internal H. The disturbance, at the surface, of the primary 
wave going both ways is, from ^=0 to 2a /v, 

^fi^i COS nt + ~ (cos nt-l)\ . (185«) 
2fiQV I. n^ar^ J 

The amplitude due to both waves is 

if^Jl + 4^' (185/) 

The outward transfer of energy per second per unit; area 
at any distance r is EH/47r. In the mth system this is 

= — ViL^Lv_j|^z_ . -{M'sm— (— ti£/)cosf nf. -Jmcos 

47r ^maQvYr cnr ^ ^ > 

+ (-iw) sin} nt, (186) 

where m is supposed odd, whilst u and — ii^ are the real 
functions of nr/v obtained in the same way as (184). The 
mean value of the t function is, by the conjugate property of 
u and w, equation (114), 

= -w/2v. 

Using this, and integrating (186) over the complete surface 
of radius r, giving 

SS(^<tydB^^^^^^^\ . . . (187) 

we find the mean transfer of energy outward per second 
through any surface enclosing the sphere to be 

2(2m+l) ii^v ' ^^^^^ 

if (/m)vQm COS nt is the vorticity of the impressed force. 

slight change suffices to make (185 d) represent the solution from the first 
moment of starting the impressed force. Thus, let it start when <=0, 
and let the /i in equation (185 d) be (/i) cos vA, Effect the two integrations 
thus, 

vanishing when feO, and then operate with the exponentials, and we 
shall obtain (186 d) thus modified. To the first line must be added 

and to the second line its negative. Thus modified, (186 rf) is true from 
^=0, understanding that the second line begins when <=(r— a)/t7, and the 
first when t = (r4- a)lv. The first of (186 a) is therefore true up to distance 
r = t?if — 2a, when this is positive. In the shell of depth 2a beyond, it fails. 
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In the case m=l, the waste of energy per second is 

{ll^^, (189) 

due to the uniform alternating field of impressed force of 
intensity {f,)co,rU 

within the sphere. 

In reality, the impressed force must have been an infinitely 
long time in operation to make the above solutions true to an 
infinite distance, and have therefore already wasted an infinite 
amount of energy. If the impressed force nas been in operation 
any finite time ^, however great, the disturbance has only 
reached the distance r=vt + a. Of course the solutions are 
true, provided we do not go further than r=i?<— a. We see, 
therefore, that the real function of the never-ceasing waste of 
energy is to set up the sinusoidal state of E and H in the 
boundless regions of space to which the disturbances have not 
yet reached. The above outward waves are the same as in 
Rowland's solutions*. Here, however, they are explicitly 
expressed in terms of the impressed forces causing them. 

Ua^O makes the external field vanish when m is odd ; and 
tr„=:0 when m is even ; that is, when the sinusoidal state has 
been assumed. It takes only the time ia/v to do this, as regards 
the sphere r=a ; the initial external disturbance goes out to 
infinity and is lost. This vanishing of the external field 
happens whatever may be the nature of the external medium 
away from the sphere, except that the initial external disturb- 
ance will behave differently, being variously reflected or 
absorbed according to circumstances. 

28. Conducting Medium. m=l. — Now consider the same 
problem in an infinitely extended conductor of conductivity k. 
We may remark at once that, unless the conductivity is low, 
the solution is but httle different from what it would be were 
the conductor not greatly larger than the spherical portion 
within it on whose surface lie the vortex lines of the impressed 
force, owing to the great attenuation suffered by the dis- 
turbances as they progress from the surface. In a similar 
manner, if the spnere be large, or the frequency of alternations 
great, or both, we may remove the greater part of the interior 
of the sphere without much altering matters. 

We have now 

j= (47r/io*p)*= (1 + »>> 
if 

^ = (27r/io*n)* (190) 

* In paper referred to in § 18. 
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The realization is a little troablesome on aocoant of this p • 
The result is that the aniform alternating field of impressed force 

of intense {/,)coBnt, 

gives rise to the internal solution 

(in) H=(^)*C^{(A+B)ooBn<+(A-Bj8inn/}, (191) 
where A and B are the fiinetions of r expressed by 

+ .-'<'^-)[(l + 2^ + 2^)c08-(2i^ + 24;+^^)sin]x(a + r);(192) 

Equation (191) showing the internal H, the external is got 
by exchanging a and r in the functions A and B. 

Now xa is easily made large, in a good conductor ; then, 
anywhere near the boundary, (r=a), we have 

A= e-^-r) cos ^(a-r),) 
-B=e-*(-') sin <a-r), J'* ' * ' ^^^^^ 

and (191) becomes 

(in)H=(^)*<^e-'(.-).cos{n.-<a-0-j}.(195) 
The wave-length \ is 

\fijcnf ^ ^ 

Thus, in copper, a frequency of 1600 to 1700 makes X= 
1 centim. both \ and the attenuation-rate depend inversely 
on the square roots of the inductivity, conductivity, and 
frequency, whereas the amplitude varies directly as the 
square root of the' conductivity, and inversely as the square 
roots of the others. 

• To verify that very great frequency ultimately limits the 
disturbance to the vortex line of e when there is but one, we 
may use the last solution to construct that due to a sheet of 
impressed force 

cos n^ 2 ^« Qm 
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acting radially on the surface of the sphere. Thus, 

(in) H=(J|)*2^ e-'(-')cos{««-x(a-r)-j}(197) 

when xa is very great. When the vorticity is confined to one 
line of latitude, H in (197) vanishes eyerywhere except at the 
vortex line. But a farther approximation is required, or a 
difierent form of solution, to snow the disturbance round the 
vortex line explicitly, L e. when n is great, though not 
infinitely great. 

29. A Vonducting Dielectric. m=l. — Here, if * is the con- 
ductivity, c the permittivity, and /tto the inductivity, let 

5'=(47r/Hgip + /*0Cp^)*=ni + n2i, . . . (198) 
when j9=7M. Then wi and wj will be given by 






(199) 



Using this q in the general external H solution, but ignoring 
the explicit connexion with the impressed force, we shall 
arrive at 



(out) ^=^,-^[{,^-^^^\ 



COS 



where Cq is an undetermined constant, depending upon the 
magnitude of the disturbance at r=a. So far as the external 
solution goes, however, the internal connexions are quite 
arbitrary save in the periodicity and confinement to producing 
magnetic force proportional in intensity to the cosine of the 
latitude. The solution (200) may be continued unchanged as 
near to the centre as we please. Stopping it anywhere, there 
are various ways of constructing complementary distributions 
in the rest of space, from which (200) is excluded. 

Wj is zero when A=0. We then have the dielectric solu- 
tion, with ri3=w/v. On the other hand, c=0 makes 

rij = Tij = (27r/i|)An)i = J7, 
as in § 28. The value of n^'\-n2 is 
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Enormously great frequency brings us to the formulaB of the 
non-conducting dielectric, with a difference, thus : Wi and Wj 
become 

ni^2'!rkfjLQV, n^^^n/vj .... (202) 

when iirk/cn is a small fraction. The attenuation due to con- 
ductivity still exists, but is independent of the frequency. We 
have now 

(out) H=^ €-«>''('cos-^sinV~-7iA, (203) 

differing from the case of no conductivity only in the presence 
of the exponential factor. 

It is, however, easily seen by the form of n, in (202) that 
in a good conductor the attenuation in a short distance is very 
great, so that the disturbances are practically confined to the 
vortex lines of the impressed force, where the H disturbance 
is nearly the same as if the conductivity were zero, as before 
concluded. It follows that the initial effect of the sudden 
introduction of a steady impressed force in the conducting 
dielectric is the emission from the seat of its vorticity of waves 
in the same manner as if there were no conductivity, but atte- 
nuated at their front to an extent represented by the factor 
g-«,r^ with the (202) value of n^, in addition to the attenuation 
by spreading which would occur were the medium non-con- 
ducting. This estimation of attenuation applies at the front 
only. 

30. Current in Sphere constrained to be uniform, — Let us 
complete the solution (200) of § 29 by means of a current of 
uniform density parallel to the axis within the sphere of 
radius a, beyond which (200) is to be the solution. This will 
require a special distribution of impressed force, which we 
shall find. Equation (200) gives us the normal component of 
electric current at r=a, by differejitiation. Let this be 
r cos 0. Then V is the density of the internal current. The 
corresponding magnetic field must have the boundary-value 
according to (200), and vary in intensity as the distance from 
the axis, its lines being circles centred upon it, and in planes 
perpendicular to it. Thus the internal H is also known. The 
internal E is fully known too, being k^^F in intensity and 
parallel to the axis. It only remains to find e to satisfy 

curi(e-E)=^H, (3) his 

within the sphere, and at its boundary (with the suitable sur- 
face interpretation), as it is already satisfied outside the sphere. 
The simplest way appears to be to first introduce a uniform 
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field of e parallel to the axis, of such intensity Ci as to neu- 
tralize the difference between the tangential components of 
the internal and external E at the boundary, and so make con- 
tinuity there in the fore of the field ; and next, to find an 
auxiliary distribution e^, such that 

curlej=/LfrH, 

and having no tangential component on the boundary. This 
may be done by having e^ parallel to the axis, of intensity 
proportional to 

(a«~Osin^. 

The result is that the internal H is got from the external by 
putting r=a in (200) and then multiplying by rja ; T from 
the internal H by multiplying by {2'irr sin 0)~^ ; o^ from the 
diflFerence of the tangential components E outside and inside 
is given by 






Finally, the auxiliary force has its intensity given by 
^,=Mo«C„ ^ .-«.« { (l +-^-J^^)sin 

A remarkable property of this auxiliary force, which (or an 
equivalent) is absolutely required to keep the current straight, 
is that it does no work on the current, on the average ; the 
mean activity and waste of energy being therefore settled 
by ^1. 
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On Electromagnetic Waves, especially in relation to the Vortidty 
of th£ Impressed Forces; and the Forced Vibrations of 
JElectromagnetic Systems. By Oliver Hbavisidb. 

[Continued from p. 382.] 

Cylindrical Electromagnetic Waves. 

49. TN concluding this paper I propose to give some cases of 

X cylindrical waves. They are selected with a view to 

the avoidance of mere mathematical developments and unin- 



A 
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telligible solutions, which may be mnltiplied to any extent ; 
and for the illustration of peculiarities of a striking character. 
The case of vibratory impressed E.M.F. in a thin tube is very 
rich in this respect, as will be seen later. At present I may 
remark that the results of this paper have little application in 
telegraphy or telephony, when we are only concerned with 
long waves. Short waves are, or may be, now in question, 
demanding a somewhat different treatment*. We ao, how- 
ever, have very short waves in the discharge of condensers, 
and in vacuum-tube experiments, so that we are not so wholly 
removed from practice as at first appears. But independently 
of considerations of practical realization, I am strongly of 
opinion that the study of very unrealizable problems may be 
of use in forwarding the supply of one of tne pressing wants 
of the present time or near future, a practicable aether — 
mechanically, electromagnetically, and perhaps also gravita- 
tionally comprehensive. 

50. Mathematical Preliminary, — On account of some 
peculiarities in BesseFs functions, which require us to change 
the form of our equations to suit circumstances, it is desirable 
to exhibit separately the purely mathematical part. This will 
also considerably shorten and clarify what follows it. 

Let the axis of z be the axis of symmetry, and let r be the 
distance of any point from it. Either the lines of E, electric 
force, or of H, magnetic force, may be circular, centred on 
the axis. For definiteness, choose H here. Then the lines of 
E are either longitudinal, qr parallel to the axis ; or there is, 
in addition, a radial component of E, parallel to r. Thus the 
tensor H of H, and the two components of E, say E longi- 
tudinal and F radial, fully specify the field. Their connexions 
are these special forms of equations (2) and (3) : — 

* The waves here to be considered are essentially of the same nature 
as those considered by J. J. Thomson, " On Electrical Oscillations in a 
Cylindrical Conductor," Proc. Math. Soc. vol. xvii., and in Parts I. and II. 
of my paper " On the Self-induction of Wires/' Phil. Mag. August and 
September 1886 ; viz. a mixture of the plane and cylindrical. But the 
peculiarities of the telegraphic problem make it practically a case of 
plane waves as regards the dielectric, and cylindrical in the wires. The 
" resonance *' effects described in my just-mentioned paper arise from the 
to-and-fro reflexion of the plane waves in the dielectric, moving parallel 
to the wire. This is also practically true in Prof. Lodge's recent experi- 
ments, discharging a Leyden jar into a miniature telegraph-circuit. On 
the other hand, most of such effects in the present paper depend upon the 
cylindrical waves in the dielectric ; and, in order to allow the dielectric 
fair play for their development, the contaminating influence of diffusion 
is done away with by using tubes only when there are conductors. In 
Hertz's recent experiments the waves are of a very mixed character 
indeed. 
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i|.rH=(4,rA+cp)E, -^ =:(47rA + cp)F, 



I 



(302) 



where (and always later) p stands for dfdt. This is in space 
where neither the impressed electric nor the impressed mag- 
netic force has curl, it being understood that E and H are the 
forces of the fluxes, so as to include impressed. From (302) 
we obtain 






(303) 



the characteristics of E and H. Let now 

j«=-«»=(4ir* + cp)^^-^;d^; . . (304) 

then the first of (303) becomes the equation of Jo(«^) and 
its companion, whilst the second becomes that of Ji(«r), and 
its companion. Thus E is associated with Jo and H with Ji, 
when H is circular ; conversely when E is circular. 
We have first Fourier's cylinder function 

J^=Jo(«.) = l_M' + ^;_...; . (305) 
and its companion, which call Gq^ is 

where 



-^Or— -ga VJ^ -t- t;^3j?^^V^ + 2 T-f; 224253 '*• I 



(306) 



The coefficient 2/7r is introduced to simplify the solutions. 
The function Ji(*r) or 3\r is the negative of the first deriva- 
tive of Jor with respect to «r. Let Gi(«f) or Gir be the 
function similarly derived from Ger. The conjugate property, 
to be repeatedly used, is 

(JoGi-JiGo)r=-2/7r5r. . . . (307) 

We have also Stokes's formula for Jor, useful when er is 
real and not too small, viz. 

J^ =s {nsr) "*[ R (cos + sin) sr + Si (sin — cos) «r] , . (308) 

where R tind Si are functions of sr to be presently given. 
The corresponding formula for Gor is obtained by changing 
cos to sin and sin to —cos in (308). 
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Besides these two sets of solutions, we sometimes require 
to use a third set. A pair of solutions of the Jq equation is 

U=r-*€«'(R+S), W=r-»e-«'{R-S),) 
where R±S=1± 3^^ + p^,±lP^ + • •• j ^ 

The last also defines the Band Se in (308). R is real whether 
y^ be + or—, whilst S is unreal when y^ is — , or Si is then 
real, «' being + . 

When ^'r is a + numeric, the solution U is meaningless, 
as its value is infinity. But in our investigations q^ is a 
differential operator, so that the objection to U on that score 
is groundless. We shall use it to calculate the shape of an 
inward progressing wave, whilst W goes to find an outward 
wave. The results are fully convergent witnin certain limits 
of r and t. From this alone we see that a comprehensive 
theory of ordinary linear differential equations is sometimes 
impossible. They must be generalized into partial differ- 
ential equations before they can be understood. 

The conjugate property of U and W is 

UW'-FW=-2j/r, .... (310) 

if the '=rf/cZr. An important transformation sometimes re- 
quired is 

Jor-iG«r=2iW(27rj)-*; .... (311) 

or, which means the same, 

W=-(^)*[Jorlogjr + Lo.]. . . (312) 

When we have obtained the differential equation in any 
problem, the assumption 5*= a + constant converts it into 
the solution due to impressed force sinusoidal with re- 
spect to t and z ; this requires d?ldz^= — m^, and d^jdt^ 
= — n^, where m and n are positive constants, being 27r times 
the wave-shortness along z and 27r times the frequency of 
vibration respectively. 

After (309) we became less exclusively mathematical. To 
go further in this direction, and come to electromagnetic 
waves, observe that we need not concern ourselves at all 
with F the radial component, in seeking for the proper 
differential equation connected with a surface of curl of im- 
pressed force ; it is E and H only that we need consider, as 
the boundary conditions concern them. The second of (302) 
derives F from H. 
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When H is circular, the operator E/H is given by 

E _ s Jor—yGpr t^^^\ 

H 4irk + cpJ,,-yQ^/ • . . . ^oio) 

where y is undetermined. When E is circular, the operator 
E/H is given by 

E _ S J|r— yGjr /Q^iv 

R'Airk-^cpJ^^yGror ^ ^ 

The use of these operators greatly facilitates and syste- 
matizes investigation. The meaning is that (313) or (314) 
is the characteristic equation connecting E and H. 

51. Longitudinal Impressed E.M.F. in a thin Conducting 
Tube. — Let an infinitely long thin conducting tube of radius 
a have conductance K per unit of its surface to longitudinal 
current, and be bounded by a dielectric on both sides. Strictly 
speaking the tube should be infinitely thin, in order to obtain 
instantaneous magnetic penetration, and yet be of finite con- 
ductance without possessing infinite conductivity, because 
that would produce opacity. In this tube let impressed 
electric force, of intensity e per unit length, act longitudinally, 
e being any function of t and z. We have to connect e with 
E and H internally and externally. 

The magnetic force being circular, (313) is the resistance 
operator required. Within the tube takey=0 if the axis is 
to be included ; else find y by some internal boundary con- 
dition. Outside the tube take y=« when the medium is 
homogeneous and boundless, because that is the only way to 
prevent waves from coming from infinity ; else find y by 
some outer boundary condition. There is no difficulty in 
forming the y to suit any number of coaxial cylinders pos- 
sessing different electrical constants, by the continuity of E 
and H at each boundary, which equalizes the E/H's of its 
two sides, and so expresses the y of one side in terms of that 
on the other ; but this is useless for our purpose. For the 
present take y=0 inside, and leave it unstated outside. 

At r—a, Ea has the same value on both sides of the tube, 
on account of its thinness. In the substance of the tube 
« + Ea is the force of the flux. On the other hand H is dis- 
continuous at the tube, thus 

47rK(^ + E) = H(out)-H(in)=(5(out)-|(in)]Ea . (816) 

In this use (313), and the conjugate property (307), and 
we at once obtain 

.= r-l + ^-^^ > ,, ^ p , ]E„ . (316) 
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from which all the rest follows. Merely remarking concern- 
ing k that the realization of (316) when k is finite requires 
the splitting np of the Bessel functions into real and imaginary 
parts, that the results are complex, and that there are no 
striking peculiarities readily deducible; let ns take Jk=rO at 
once, and keep to non-conducting dielectrics. Then, from 
(316), follow the equations of E and H, in and out ; thus 

^(m) or (oa»)= ,. e, . . (317) 

g ^j. _ qP J (Jog— yQoa) or Joa(Jir— yQ'r) .g^gx 

(in) (out) ^ same denominator > • 'V 

which we can now examine in detail. 

52. Vanishing of External Field. Jo«=0. — The very first 
thing to be observed is that Jta=0 makes E and H and there- 
fore also F vanish outside the tube, and that this property 
is independent of y, or of the nature of the external medium. 
We require the impressed force to be sinusoidal or simply 
periodic with respect to z and ty thus 

e=:eo sin {mz + a) sin (n^+/3), . . . (319) 

so that ultimately 

«3=nVr»-m«; (320) 

and any one of the values of s given by Jo«=0 causes the 
evanescence of the external field. The solutions just given 
reduce to 

H=-4xK(J,,/Jia)^ 

E = (Vcn)47rK(Jor/Ji«)t> Y . . . (321) 

F=:-{cn)-'4irK{JJJia)i{de/dz] 

which are fully realized, because i signifies p/n, or involves 
merely a time-differentiation performed on the e of (319). 

The electrification is solely upon the inner surface of the 
tube. In its substance H falls from — 4TrK^ inside to zero 
outside, and Ea being zero, the current in the tube is Ke per 
unit surface. 

The independence of y raises suspicion at first that (321) 
may not represent the state which is tended to after e is 
started. But since the resistance of the tube itself is sufficient 
to cause initial irregularities to subside to zero, even were, 
there a perfectly reflecting barrier outside the tube to prevent 
dissipation of these irregularities in space, there seems no 
reason to doubt that (321) do represent the state asymptoti- 
cally tended to. Changing the form of y will only change 
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the manner of the settling down. We may commence to 
change the nature of the medium immediately at the outer 
boundary of the tube. We cannot, however, have those 
abrupt assumptions of the steady or simply periodic state 
which characterize spherical waves, owing to the geometrical 
conditions of a cylinder. 

53. Case of two Coaxial Tubes, — If there be a conducting 
tube anywhere outside the first tube, there is no current in 
it, except initially. From this we may conclude that if we 
transfer the impressed force to the outer tube, there will be 
no current in the inner. Thus, let there be an outer tube at - 
r=^, of conductance Ki per unit area, containing the im- 
pressed force Ci, We have 

where Y3 and Yj are the H/E operators just outside and inside 
the tube, whilst Ex is the B at a, on either side of the tube, 
resulting from Ci, We have 

Y __ cp Jiir!^!^^ Y =^^!iill^^^ (323) 

where yi is settled by some external and y by some internal 
condition. In the present case the inner tube at r= a, if it 
contains no impressed force, produces the condition 

ya-Y,=47rK at r=a, .... (324) 
where Yi is the internal H/E operator. Or 

S \O0a — t/K±Qa Ooa/ 



• • 



giving 



' Oa ^^Oa 
TTSa S 



Now, using (323) in (322) brings it to 

■g ^ (Jo;r— yQoa;)(Jto— yiQox)47rKigi .^ 

— (yi-y) — ~ 47rKi(Jox— yG<te)(Jo*— yiGa#) 
s ^ ^'irsx 

in which y is given by (325), and from (826) the whole state 
due to «i follows, as modified by the inner tube. 
Now Joa=0 makes y=0; this reduces (326) to 
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jiix=— 2 ' • • yy^^) 

and, by comparison with (317) we see that it is now the same 
as if the inner tube were non-existent. That is, when it is 
situated at a nodal surface of E due to impressed force in the 
outer tube, and there is therefore no current in it (except 
transversely, to which the dissipation of energy is infinitely 
small), its presence does nothing, or it is perfectly trans- 
parent« 

It is clearly unnecessary that the external impressed force 
should be in a tube. Let it only be in tubular layers, with- 
out specification of actual distribution or of the nature of the 
medium, except that it is in layers so that c, k, and fi are 
functions of r only ; then if the axial portion be nonconduct- 
ing dielectric, the J or function specifies E and allows there to 
be nodal surfaces, for instance J^a=0, where a conducting 
tube may be plac^ without disturbing the field. Admitting 
this property ab initioj we can conversely conclude that e in 
the tube at r=a will, when Joa=0,make every external cylin- 
drical surface a nodal surface, and therefore produce no 
external disturbance at all. 

54. Now go back to § 51, equations (317) (318). There 
are no external nodal surfaces of E in general (exception 
later) . We cannot therefore find a place to put a tube so as 
not to disturb the existing field due to e in the tube at r=a. 
But we may now make use of a more general property. To 
illustrate simply, consider first the electromagnetic theory of 
induction between linear circuits. Let there be any number 
of circuits, all containing impressed forces, producing a 
determinate varying electromagnetic field. In this field put 
an additional circuit of infinite resistance. The E.M.F. in 
it, due to the other circuits, will cause no current in it of 
course, so that no change in the field takes place. Now, 
lastly, close the circuit or make its resistance finite, and 
simultaneously put in it impressed force which is at every 
moment the negative of the E.M.F. due to the other circuits. 
Since no current is produced there will still be no change, or 
everything will go on as if the additional circuit were non- 
existent. 

Applying this to our tubes, we may easily verify by the 
previous equations that when there are two coaxial tubes, 
both containing impressed forces, we can reduce the resultant 
electromagnetic field everywhere to that due to the impressed 
force in one tube, provided we suitably choose the impressed 
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force in the second to be the negative of the electric force 
of field due to « in the first tube when the second is non- 
existent. That is, we virtually abolish the conductance of 
the second tube and make it perfectly transparent. 

55. Perfectly Reflecting Barrier. Its effects . Vanishing 
of Conduction Current. — To produce nodal surfaces of E out- 
side the tube containing the vibrating impressed force, we 
require an external barrier, which shall prevent the passage 
of energy or its absorption, by wholly reflecting all distur- 
bances which reach it. Thus, let there be a perfect conductor 
at r=x. This makes E = there. This requires that the y 
in (317), (318) shall have the value Jo,/Gox, whereas without 
any bound to the dielectric it would be i. We can now choose 
w and n so as to make Jox= 0. This reduces those equations to 



Jli= — -r-^, I?- — -J e, 

w Oa o «^ Oa 



(in and out) ^ j 



Ir 



H= — - ^F-cpe 

SOoa 



J 



\ . . . (32«) 



This solution is now the same inside and outside the tube 
containing the impressed force, and there is no current in 
the tube, that is, no longitudinal current. 

To understand this case, take away the impressed force and 
the tube. Then (328) represents a conservative system in 
stationary vibration. Now, by the preceding, we may intro- 
duce the tube at a nodal surface of E without disturbing 
matters, provided there be no impressed force in the tube. 
But if w^e introduce the tube anywhere else, where E is not 
zero, we require, by the preceding, an impressed force which 
is at every moment the negative of the undisturbed force of 
the field, in order that no change shall occur. Now this is 
precisely what the solution (328) represents, e in the tube 
being cancelled by the force of the field, so that there is no 
conduction-current. The remarkable thing is that it is the 
imj)ressed force in the tube itself that sets up the vibrating 
field, and gradually ceases to work, so that in the end it and 
the tube may be removed without altering the field. That a 
perfect conductor as reflector is required is a detail of no 
moment in its theoretical aspect. 

Shifting the tube, with a finite impressed force in it, 
towards a nodal suface of E, sends up the amplitude of the 
vibrations to any extent. 

56. K=0 and K = oo . — If the tube have no conductance, 
e produces no efl'ect. This is because the two surfaces of 
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curl of 6 are infinitelj close together, and therefore cancel, 
not having any condactance between them to produce a dis- 
continuity in the magnetic force. 

But if the tube have infinite conductance, we produce com- 
plete independence between the internal and external fields, 
except in the quite unessential particular that the two surfaces 
of curl 6 are of opposite kind and time together. Equations 
(317), (318) reduce to 

(in) E=-^., F--^^'., E^^l^^cpe. .(329) 



(out) 



I H=- - J'r-yGir 



(330) 



Observe that (329) is the same as (328). The external 
solution (330) requires y to be stated. When y=i, for a 
boundless dielectric, the realization is immediate. 

57. «=0. Vanishing of E all over^ and of F and H also 
internally. — This is a singularity of quite a diflerent kind. 
When n=mv, we make 5=0. Of course there is just one 
solution with a given wave-length along z : a great frequency 
with small wave-length, and conversely. 

E vanishes all over, that is both inside and outside the 
tube containing e, provided s/y is zero. The internal H and 
therefore also F vanish. Thus within the tube is no dis- 
turbance, and outside, (317) (318) reduce to 

(out) H=-47rK^, F=-^7rKe^ (331) 

^ ^ r ' en r dz ^ ^ 

Observe that H and F do not fluctuate or alternate along 
r, but that H has the same distribution (out from the tube) as 
if e were steady and did not vary along z. 

A special case is 77i=0. Then also n=0, or « is steady and 
independent of z, F vanishes, and the first of (331) ex- 
presses the steady state. 

Without this restriction, the current in the tube is K« per 
unit surface, owing to the vanishing of the opposing longi- 
tudinal E of the field. This property was, by inadvertence, 
attributed by me in a former paper * to a wire instead of a 

* ^' On Resistance and Conductance Operators/' Phil. Mag. Dec. 1887, 
p. 402, Ex./ 
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tube. The wave-length must be great in order to render it 
applicable to a wire, because instantaneous penetration is 
assumed. 

I mentioned that »/y must vanish. This occurs when y=i, 
or the external dielectric is boundless. But it also occurs 
when E = at r=^, produced by a perfectly conductive 
screen. This is plainly allowable because it does not interfere 
with the E=0 all over property. What the screen does is 
simply to terminate the field abruptly. Of course it is 
electrified. 

58. «=0 and Hx=0. — But with other boundary conditions, 
we do not have the solutions (831). Thus, let H, = 0, instead 
of Ex=0. This makes y= J,ar/Gi, in (317), (318). The^e 
are at least two ways (theoretical) of producing this boundary 
condition. First, there may be at r = x a screen made of a 
perfect magnetic conductor (^ = oo ) . Or, secondly, the whole 
medium beyond r=a! may be infinitely elastive and resistive 
(c=0, A=0) to an infinite distance. 

Now choose «s=0 in addition and reduce (317), (318). 
The results are 



E=- . ,/,. .. : F= 1^^ 



{in)or(oat)H=-j-^:^^^j^^ 



1 + ^x^cp/iirKa ' cp dz 

cpe (r r .^ \ 



(332) 



which are at once realized by removing p from the denomina- 
tor to the numerator. 

Although E is not now zero, it is independent of r, only 
varying with t and z. 

When «^is negative, or n<m/v, the solutions (317), (318) 
require transforming in part because some of the Bessel 
functions are unreal. Use (312), because 7 is now real. 
There are no alternations in E or H along r. They only com- 
mence when n>mv. 

59. Separate actions of the two surfaces of curl e.— Since all 
the fluxes depend solely upon the curl of e and not upon its 
distribution, and there are two surfaces of curl e in the tube 
problem, their actions, which are independent, may be 
separately calculiited. The inner surface may arise from e in 
the — direction in the inner dielectric, or by the same in the 
+ direction in the tube and beyond it. The outer may be 
due to e in the — direction beyond the tube, or in the + 
direction in the tube and inner dielectric. 

We shall easily find that the inner surface of curl of e, say 
of surface density /i, produces 
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makes the external field vanish, though the statement is true 
as regards H, because the electric force of the field does not 
vanisn ; it cancels the impressed force, so that there is no 
flux. This property is apparently independent of t/. But, 
since there is no resistance concerned, except such as may be 
expressed in y, it is .clear that (341) sinusoidally realized 
cannot represent the state which is tended to after starting/, 
unless there be either no barrier, so that initial disturbances 
can escape, or else there be resistance somewhere, to be em- 
bodied in y, so that they can be absorbed, though only through 
an infinite series of passages between the boundary and the 
axis of the initial wave and its consequences. 

Thus, with a conservative barrier producing E = at r=«, 
and y= Jijr/Gijr, there is no escape for the initial effects, which 
remain in the form of free vibrations, whilst only the forced 
dbrations are got by taking «^= + constant in (341). The 
other part of the solution must be separately calculated. If 
Jijr=0, E and H run up infinitely. If Jia=0 also, the result 
is ambiguous. 

With no barrier at all, or y=i, we have 

out P ^ — (2«)-J..(G„+a„yp, ■> 

iH=(2aH-'J..(J.r-iG.,)/o,/ ' ■ ^ ' 

which are fully realized. Here/o=/wa^, which may be called 
the strength of the filament. VVe may most simply take the 
impressed force to be circular, its intensity varying as r within 
and inversely as r outside the cylinder. Then /= 2e /a, if e^ 
is the intensity at r=a. 

When nr/v is large, (342) becomes, by (308), 

(.ut)E=^.H=&(i^)',i.(-^ + |) . (MS) 

approximately. 27rr should be a large multiple, and 2ira a 
small fraction of the wave-length along r. 

62. Filament of curl e. Calculation of Wave. — In the last 
let/o be constant whilst a is made infinitely small. It is then 
a mere filament of curl of e at the axis that is in operation. 
We now have, by the second of (342), with Jia=iW^; 

H=-(op/4)(iJo. + Gor)/o, . . . . (344) 

which may be regarded as the simply periodic solution or as 
the differential equation of H. In the latter case, put in terms 
of W by (311), then 

R={2fivy(g/27ryWfo; .... (345) 
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or, expanding by (309), 

in which /o may be any function of the time. Let it be zero 
before and constant after ^=0. Then, first, 

9Vo=/o(TfO"* (347) 

Next eflPect the integrations of this function indicated by the 
inverse powers of q or p/v, thus 

-(l+vtl2r)-i(irvt)-i=(2rl-ir)iivt(yt + 2r)]-i. . (348) 

Lastly, operating on this by e"*' turns vt ixt vt—r, and brings 
(346) to 

H=(/o/27r/tr)(t;«<»-r»)-», . . . (349) 

which is ridiculously simple. Let Z be the time-integral of 
H, then 

from which we may derive E ; thus 

curlZ=cE, orE = -lg=^^^^'go_^^ , . (351) 
The other vector-potential A, such that "Esi — pA is obviously 

^=-2^.(?-0 (352) 

All these formute of course only commence when vt reaches r. 
The infinite values of E and H at the wave-front arise from 
the infinite concentration of the curl of e at the axis. 
Notice that 

E = m/rc (353) 

everywhere. It follows from this connexion between E and 
H (or from their full expressions) that 

cE'-/^ff=c6«=c(/o/27rr)«; . . . (354) 

where e denotes the intensity of impressed force at distance r, 
when it is of the simplest type, above described. That is, the 
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excess of the electric over the magnetic energy at any point 
is independent of the time. Both decrease at an equal rate; 
the magnetic energy to zero, the electric energy to that of 
the final steady displacement ce/4w. 

The above £ and H solutions are fundamental, because 
all electromagnetic disturbances due to impressed force depend 
solely upon, and come from, the lines of curl of the impressed 
force. From them^ by integration, we can find the disturb- 
ances due to any collection of rectilinear filaments off. Thus, 
to find the H due to a plane sheet of parallel uniformly dis- 
tributed filaments, of surface-density/, we have, by (349), at 
distance a from the plane, on either side, 

H= f ^^y = -^ fain- ^^— 1 

where the limits are +(v^<*— a*) . Therefore 

after the time t^ajv ; before then, H is zero. 

Similarly, a cylindrical sheet of longitudinal f produces 



Tx_ fa f de 



where h is the distance of the point where H is reckoned from 
the element a dd of the circular section of the sheet, a being 
its radius. The limits have to be so chosen as to include au 
elements of/ which have had time to produce any effect at 
the point in question. When the point is external and vt 
exceeds a+r tne limits are complete, viz. to include the whole 
circle. The result is then, at distance r from the axis of the 
cylinder, 

H- /^//^^ fi . LJ ^ 1.3.5.7 ^4.3 
(yt^^a^^r^)^ L 2-^|2 2 "** 2*|4 2^ 1 . 2 

1.3.5.7.9.11 a? 6.5.4 "1 ... 

^ 2% 2« 17273 ■^••'> ^'^^^^' 



ivhere 

This formula begins to operate when a'=1, or vt=a + r. As 
time goes on, a falls to zero, leaving only the first term. 

[To be continued.] 
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On Electromagnetic Waves, especially in relation to the Vorticity 
of th£ Impressed Forces; and the Forced Vibrations of 
Electromagnetic Systems. By Oliveb Hbavisidb. 

[Concluded from p. 449.] 

63« /CYLINDRICAL Surface of circular curl e in a Dielec- 
tric. — Let the curl of the impressed electric force be 
wholly situated on the surface of a cylinder of radius a in a 
nonconducting dielectric. The impressed force e to correspond 
may then be most conveniently imagined to be either longi- 
tudinal, within or without the cylinder, uniformly distributed 
in either case (though oppositely directed), and the density of 
curl e will be e; or, the impressed force may be transferred to 
the surface of the cylinder, by making e radial, but confined 
to an infinitely thin layer. The measure of the surface-density 
of curl e will now be 

/= ^, = E(o„t) — E(in), . . . . (35 6) 

where e is the total impressed force (its line-integral through 
the layer). The second form of this equation shows the effect 
produced on the electric force E of the flux, outside and inside 
the surface. This E is, as it happens, also the force of the 
field ; but in the other case, when e is uniformly distributed 
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within the cylinder, producing /=«, we have the same discon- 
tinuity produced by/, 

H being circular, we use the operator (313). Applying it 
to (356) we obtain 

/-i(j7.-3^3=-' • • (^') 

from which, by the conjugate property (307), and the operator 
(313), we derive 

E(in) or (out) = ^— [Jor(Jla-yGla) Or Ji«(Jor-yGor)]/, (358) 
H(in) or (aut)= ^^[Jir( Jl«— yO-ia) Or Jia(Jlr— yGlr) ]/, (359) 

in which /is a function of t, and it may be also of z. If so, 
then we have the radial component F of electric force given 

F(in) or (out)= — 1^ [J.r(Ji«— yG-ifl) or Jifl(Jir— yG-ir)] ^- (360) 

From these, by the use of Fourier^s theorem, we can build 
up the complete solutions for any distribution of/ with respect 
to 2 ; for instance, the case of a single circular line of curl e. 

64. J,a=0. Vanishing of external field. — Let / be simply 
periodic with respect to t and z ; then J,„=0, or 

Ji{«>/n7i?2-m2}=0, .... (361) 

produces evanescence of E and H outside the cylinder. The 
independence of this property of y really requires an un- 
bounded external medium, or else boundary resistance, to let 
the initial effects escape or be dissipated, because no resistance 
appears in our equations excepting. The case 5=0 or w=m» 
is to be excepted from (361) ; it is treated later. 

65. y^i. Unbounded medium, — When nlv>m, s is real, and 
our equations give at once the fully realized solutions in the 
case of no boundary, by taking y =i, 

H(in) or (out) = i7racn[Jir(Jia— iGria) or Jia(Jir— *Grir)]/, ^ 

E(m) or (out)= — i7ra5[Jor(Gi«+iJ,fl) or Jia(Gror+iJorj]/, Y (362) 

F(in) or (out)=i'?ra[Jir(Gi« + eJ,fl) or Jia{(i\r + iJir)][df/dz),^ 

in which i means ^/n. 

The instantaneous outward transfer of energy per unit 
length of cylinder is (by Poynting's formula) 

EH ^ 

47r ' 
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and the mean value with respect to the time comes to 



en 



Q— (foTram cos mz J la^y .... (363) 

OTT 

if /o is the maximum value of/. This may of course be again 
averaged to get rid of the cosine. 

66. «=0. Vanishing of external B. — When n^^mv, we 
make 5=0, and then (362) reduce to the singular solution 



a« 



H(m) = i rcpf H(out) = i - cpf, 

E(in)=/, E(out) = 0, 



(364) 



Observe that the internal longitudinal displacement is pro- 
duced entirely by the impressed force (if it be internal), though 
there is radial displacement also on account of the divergence 
of 6 (if internal). Outside the cylinder the displacement is 
entirely perpendicular to it. 

H and F do not alternate along r. This is also true when 
s^ is negative, or n lies between and mv. Then, ^ being 
positive, we have 

^io^)=W<fQ-Ji^[3^\ogqr + Ur-\f, . . (365) 

as the rational form of the equation of the external E when 
the frequency is too low to produce fluctuations along r. 

The system (364) may be obtained directly from (358) to 
(360) on the assumption that s/y is zero when s is zero. But 
(364) appears to require an unbounded medium. Even in 
the case of the boundary condition E = at r = «, which har- 
monizes with the vanishing of E externally in (364), there 
will be the undissipated initial effects continuing. 

If, on the other hand, Hj;=0, making jy=JoajGox, we shall 
not only have the undissipated initial effects, but a different 
form of solution for the forced vibrations. Thus, using this 
expression for y, and also «=0, in (358) to (360), we obtain 

E -d ^\- E «' ^'^ 

representing the forced vibrations. 

67. Effect of suddenly starting a filarnerd of e. — ^The vibra- 
tory effects due to a vibrating filament we find by taking a 
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infinitely small in (362), that is Ju=^<a. To find the wave 
produced by suddenly starting such a filament, transform 
equations (358), (359) by means of (311). We get 

E(to) = - (w/2j)*aJ.,W.'e, 



(367) 



H<.,=-(,.^/2)*2^^J.,)w.'., 

H,..«=-(,r,/2)»^(ij..)w'.J 

where W is given by (309) ; the accent means diflferentiation 
to r, and the suffix a means the value at r=a. 

In these, let eQ=^ir€?e, which we may call the strength ot the 
filament, and let a be infinitely small. We then obtain 






(368) 



Now if ^0 is a function of t only, it is clear that there is no 
scalar electric potential involved. We may therefore advan- 
tageously employ (and for a reason to be presently seen) the 
vector-potential A, such that 



E=— />A, orA=— j9"*E; and /iH= — 



dr ' 



(369) 



The equation of A is obviously, by the first of (369) applied 
to second of (368), 

A«i(^/27n;')*W^o (370) 

Comparing this equation with that of H in (345) (problem 
of a filament of curl of ©), we see that /o there becomes eo 
here, and /aH there becomes A here. Tne solution of (370) 
may therefore be got at once from the solution of (345), viz. 
(349). Thus 

A= '' 



from which, by (369), 
E= 



e^vt 



2irv(yfi-t^)*' 



H=- 



(371) 



e^r 



(372) 



2ir{if't'-i^)i' 2ir/*t)(t)¥-r«)*' * 

the complete solution. It will be seen that 

A=E<+r/tH,, (373) 
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whilst the curious relation (353) in the problem of a filament 
of curi 6 is now replaced by 

A=r/LtZ/<, (374) 

where Z is the time-integral of the magnetic force ; so that 

H=/>Z, and curl Z=cE, . . . . (375) 

Z being merely the vectorized Z. It is the vector-potential 
of the magnetic current. 

The following reciprocal relation is easily seen by comparing 
the diflFerential equations of an infinitely fine filament ^q and 
a finite filament. The electric current-density at the axis due 
to a longitudinal cylinder of 6 (uniform) of radius a is nume- 
rically identical with the total current through the circle of 
radius a due to the same total impressed force (that is, Tra^e) 
concentrated in a filament at tne axis, at corresponding 
moments. 

68. Having got the solutions (372) for a filament ^q? it 
might appear that we could employ them to build up the 
solutions in the case of, for instance, a cylinder of longitu- 
dinal impressed force of finite radius a. But, according to 
(372), E would be positive and H negative everywhere and 
at every moment, in the case of the cylinder, because the 
elementary parts are all positive or all negative. This is 
clearly a wrong result. For it is certain that, at the first 
moment of starting the longitudinal impressed force of inten- 
sity e in the cylinder, E just outside it is negative ; thus 

E= ±i«, in or out, at r^-a, <=0 ; 

and that H is positive ; viz. 

'H,=e/2/iv at r=a, t=^0* 

We know further that, as E starts negatively just outside the 
cylinder, E will be always negative at the front of the outward 
wave, and H positive ; thus 

-E=/ArH=igx(a/r)*, .... (376) 

the variation in intensity inversely as the square root of the 
distance from the axis being necessitated in order to keep the 
energy constant at the wave-front. The same formula with 
+ E instead of — E will express the state at the front of the 
wave running in to the axis. There is thus a momentary 
infinity of E at the axis, viz. when t=a/v. 

So far we can certainly go. Less securely, we may con- 
clude that during the recoil, E wiU be settling down to its 
steady value e within the cylinder, and therefore the force of 
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ihe field there will be positiTe, and, bj continaity, also posi- 
tive outside the cylinder. Similarly, H most be negative at 
any distance within which E is decreasing. We conclude 
therefore that the filament solutions (372) only express the 
settling down to the final state, and are not comprehensive 
•nongh to be employed as fundamental solutions. 

69. Sudden starting of e longitudinal in a Cylinder. — In 
order to fully clear up what is left doubtful in the last para- 
graph, I have investigated the case of a cylinder of e compre- 
hensively. The following contains the leading points. We 
have to make four independent investigations : viz. to find 
(1) the initisd inward wave ; (2) the initial outward wave ; 
(3) the inside solution after the recoil ; (4) the outside solu- 
tion ditto. We may indeed express the whole by a definite 
integral, but there does not seem to be much use in doing so, 
as there will be all the labour of finding out its solutions, and 
they are what we now obtain from the difierential equations. 

Let El and Ej be the E^s of the inward and outward waves. 
Their equations are 

Ei=-(a/2y)W/U6, .... (377) 

E,= -(a/2y)WU>; .... (378) 

where U and W are given by (309), the accent means difier- 
entiation to r, and the suflBx indicates the value at /•=a. To 
prove these, it is suflBcient to observe that U and W involve 
€^ and €" ^ respectively, so that (377) expresses an inward 
and (378) an outward wave ; and further that, by (310), we 
have 

Ej— E3=« at r=a, always; . . . (379) 

which is the sole boundary condition at the surface of curl of e. 
Expanding (377), we get 

E.=l(2)«.«-«(B+S)[l+2-|^ + ^ 

3«. 5 . 7 . 9 



1^%...]., . (380) 



where R+ S is given by (309). Now e being zero before and 
constant after i=0, effect the integrations indicated by the 
inverse powers of ^, and then turn t to ^i, where 

vijssr^ + r— a. 
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The result is 

1? 1 /«\*ri . t. 3.5 - 1^3^5.7 3 . p. 3 ^. 5^7. 9 ^ 
Ei = i^(-j [1+3^1-^^1^+ ,3,3 ^1^ + gjj z/+.. 

.a /i_^ 3 3.5 a . l'»3^5.7 . \ 



. P32a2 J I 3 3.5 a . P.3^5.7 g \_l 1 /on 

]2";^^^ \|2'*"l3'''"^^' "^ J3j5 ^' -...^ + ...J, (381) 

the structure of which is sufBciently clear. Here Zi — vt^/Sa, 
This formula, when rt<a,holdshetweenr=aandr=a— v^ 
But when vt>a though < 2a, it holds between r=a and v<— a. 
Except within the limits named, it is only a partial solution. 

70. As regards E2, it may be obtained from (381) by the 
following changes. Change Ei to — Ej on the left, and on 
the right change zi to —2:2, where 

^3 = ( v< + a — r) 1 8a, 

It is therefore unnecessary to write out E^. This Ej for- 
mula will hold from r=:a to r=vt + a, when vt<2a; but after 
that, when the front of the return wave has passed r=a, it will 
only hold between r=t?<— a and vt + a, 

71. Next to find E3, the E in the cylinder when vt>a and 
the solution is made up of two oppositely going waves, and 
E^ the external E after vt=2a, when it is made up of two 
outward going waves. I have utterly failed to obtain intelli- 
gible results by uniting the primary waves with a reflected 
wave. But there is another method which is easier, and free 
from the obscurity which attends the simultaneous use of U 
and W. Thus, the equations of E3 and E4 are 

E3=-(7r/2g)*aJorWa'^, (382) 

E,= -(7r//2)Ha2(^J,«)w.., . . (383) 

by (367) ; and a necessity of their validity is the presence of 
two waves inside the cylinder, because of the use ot Jq and Ji ; 
it is quite inadmissible to use Jq when only one wave is in 
question, because Jor=l when r=0, and being a differential 
operator in rising powers of p, the meaning of (382) is that 
we find E3 at r by diSferentiations from E3 at r=0 ; thus 
(382) only begins to be valid when vt^a. 

To integrate (382), (383), it saves a little trouble to calcu- 
late the time-integrals of E3 and E4, say 

A3= -/>-%, A4=-^-%. . . . (384) 
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The resalts are 

-A,=Jo,J(»»<*-o»)*, (385) 

From these derive E3 and E4 by time-diflPerentiation^ and H3, 
H4 by space-differentiation, according to 

curi A=uH, or H= - i 5^. . . . (387) 

fi ar ^ 

We see that the valne of E3 at the axis, say Eq, is 

Eo=evt(vH^^a^)-^; ..... (388) 

and by performing the operation Jorin (385) we produce, if 

. er r^/l v^t\ 3r* / 1 Gix^t^ 5vH^\ 

■*■ 2^?(^ii? - "Ti^ ■*" ~^? — i^r"T ^^^^^ 

from which we derive 

These formulas commence to operate when vt^a at the 
axis and when vt=a + r at any point r<a, and continue in 
operation for ever after. 

72. Lastly, perform the operation (2/sa)Jia in (386), and 
we obtain 



^*~2t^U"^8v w' mO 64U' ~i^ i?"y 

_^ 45ag /_ 5 ^ 135i?^<^ _ 315t;^<^ 231t;^^% . -1 
from which we derive 

+ ^ .^y^f^ ,„ (1 12«V + 1176«Vr» + UTOtr'iV* + 245»-«) + . . . 1(392) 
4,ob.D4M'-' J^ ' 
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These begin to operate at r=a when v^=2a ; and later, the 
range is from r=a to rssvt^a. 

This completes the mathematical work. As a check upon 
the accuracy, we may test satisfaction of diflferential equa- 
tions, and of the initial condition, and that the four solutions 
join together with the proper discontinuities. 

73. The following is a general description of the manner 
of establishing the steady flux. We put on e in the cylinder 
when t=0. The first effect inside is Ei = Jg at the surface 
and Hi=E,//Ltv. This primary disturbance runs in to the 
axis at speed v, varying at its front inversely as the square 
root of the distance from the axis, thus producing a momen- 
tary infinity there. At this moment t=a/v, E, is also very 
great near the axis. In the meantime Ei has been increasing 
generally all over the cylinder, so that, from being ^e initially 
at the boundary, it has risen to '77^, whilst the simultaneous 
value at r=io is about 'OS^. 

Now consider E3 within the cylinder, it being the natural 
continuation of Ej. The large values of E| near the axis 
subside with immense rapidity. But near the boundary 
El still goes on increasing. The result is that when vt=2a, 
and the front of the return wave reaches the boundary, E3 
has fallen from 00 to 1*154:^ at the axis ; at r=^a the value 
is l'183g; at r=|a it is 1'237« ; and at the boundary the 
value has risen to l*71g, which is made up thus, 1*21^ +J« ; 
the first of these being the value just before the front of the 
return wave arrives, the second part the sudden increase due 
to the wave-front. E3 is now a minimum at the axis and 
rises towards the wave-front, the greater part of the rise being 
near the wave-front. 

Thirdly, go back to <=0 and consider the outward wave. 
First, E2= — ie at r=a. This runs out at speed v, varying 
at the front inversely as r^. As it does so, the E3 that 
succeeds rises, that is, is less negative. Thus when vt=a, 
and the front has got to r=2a, the values of E2 are —'232^ 
at 9*s=a and —•353^ at r=2a. Still later, as this wave forms 
fully, its hinder part becomes positive. Thus, when fully 
formed, with front at r=3a, we have Egss. —'288^ at r=3a ; 
— •145^ at r=2a ; and '21^ at r=a. This is at the moment 
when the return wave reaches the boundary, as already 
described. 

The subsequent history is that the wave E^ moves out to 
infinity, being negative at its front and positive at its back, 
where there is a sudden rise due to the return wave E4, behind 
which there is a rapid fall in E4, not a discontinuity, but the 
continuation of the before-mentioned rapid fall in E3 near its 
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front. The snbsidence to the steady state in the cylinder and 
outside is Terj rapid when the front of E^ has moved well oat. 
Thus, when vt=5ay we have Cs=:l'022« at r=^aj and of 
course, just outside, we have lE^=*022e ; and when ri=10a, 
we have E3=l-005^, E4=-006«, at r=a. 

As regards H, starting when ^=0 with the value e/2fjLV at 
r=:a only, at the front of the inward or outward wave it is 
E= i^ArH as usual. It is positive in the cylinder at first 
and then changes to negative. Outside, it is first positive for 
a short time and then negative for ever after. 

74. We can now see fully why the solution for a filament 
e^ of e can not be employed to build up more complex solu- 
tions in general, whilst that for a filament /o of curl e can be 
so employed. For, in the latter case, the disturbances come, 
ab initio, from the axis, because the lines of curl e are the 
sources of disturbance, and they become a single line at the 
axis. But in the former case it is not the body of the fila- 
ment, but its surface only, that is the real source, however 
small the filament may be, producing first E negative (or 
against e) just outside the filament, and immediately after E 
positive. Now when the diameter of the filament is in- 
definitely reduced, we lose sight altogether of the preliminary 
negative electric and positive magnetic force, because their 
duration becomes infinitely small, and our solutions (372) 
show only the subsequent state of positive electric and nega- 
tive magnetic force during the settling down to the final 
state, but not its real commencement, viz. at the front of the 
wave. 

75. The occurrence of momentary infinite values of E or of 
H, in problems concerning spherical and cylindrical electro- 
magnetic waves, is physically suggestive. By means of a 
proper convergence to a point or an axis, we should be able 
to disrupt the strongest dielectric, starting with a weak field, 
and then discharging it. Although it is impossible to realize 
the particular arrangements of our solutions, yet it might be 
practicable to obtain similar results in other ways*. 

• If we wish the solution for an infinitely long cylinder to be quite 
unaltered, when of finite length /,let atz=Oand«= /infinitely conducting 
barriers be placed. Owing to the displacement terminating upon them 
perpendicularly, and the magnetic force being tangential, no alteration is 
required. Then, on taking off the impressed force, we obtain the result of 
the discharge of a condenser consisting of two parallel plates of no resist- 
ance, charged in a certain portion only ; or, by mtegration, charged in any 
manner. 

To abolish the momentary infinity at the axis, in the text, substitute 
for the wurfaoe distribution of curl of e a distribution in a thin layer. 
The infinity will be replaced by a large finite value, without other 
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It may be remarked that the solution worked out for an 
infinitely long cylinder of longitudinal e is also, to a certain 
extent, the solution for a cylinder of finite length. If, for 
instance, the length is 21, and the radius a, disturbances from 
the extreme terminal lines of f (or curl e) only reach the 
centre of the axis after the time (a^ 4- P)Vv, whilst from the 
equatorial line of f the time taken is a/v, which may be only a 
little less, or very greatly less, according as l/a is small or 
large. If large, it is clear that the solutions for E and H 
in the central parts of the cylinder are not only identical 
with those for an infinitely long cylinder until disturbances 
arrive from its ends, but are not much difierent afterwards. 

76. Cylindrical surface of longitudinal f, a function of 
and t, — When there is no variation with 0, the only Bessel 
functions concerned are J© and Ji. The extension of the vibra- 
tory solutions to include variation of the impressed force or 
its curl as cos 0, cos 20, &c. is so easily made that it would be 
inexcusable to overlook it. Two leaaing cases will be very 
briefly considered. Let the curl of the impressed force be 
wholly upon the surface of a cylinder of radius a, longitudi- 
nally directed, and be a function of t and 0, its tensor being 
/, the measure of the surface-density. H is also longitudinal 
of course, whilst £ has two components, circular E and 
radial F. The connexions are 

from which the characteristic of H is 

1 d dtL , / « m^\TT /x /^^.v 

7Trrlir + {'^-^)^-0, (394) 

if 8^= —jj^/v^ and m^= —d^/d0^. Consequently 

H=(J m—yGtfnr) COS m0 X fuuctiou oft . . (395) 
when m^ is constant, and the E/H operator is 

E _ 1 J'mr-!/&r 



y. . . (393) 



H CpJ„^r—yG 



mr 
mr 



(396) 



material chaDge. Of course the theory above assumes that the dielectric 
does not break down. If it does, we change the problem, and have a 
conducting (or resisting) path, possibly with oscillations of great fre- 
quency, if the resistance be not too great, as Prof. Lodge believes to be 
Uie case in a lightning discharge. 
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if J^r or J» (sr) is the mth Bessel fanction, and 6«r its 
companion, whilst the ' means djdr. 
The boundary condition is 

Ei = E,-/ at r:=^a, .... (397) 

Et being the inside, Ej the ontside valne of the force of the 
flux. Therefore, using (396) with y=0 inside, we obtain 






= -'''^J«a(J»u.-yG««)/, .... (398) 

where a: it* ti constant, being 7r/2 when m=0, according to 
(307), and always mji if Gm has the proper numerical factor 
to fix its size. 
We see that when 

f=fQ COS md cos nt 

when /o is constant, the boundary H, and with it the whole 
external field, electric and magnetic, vanishes when 

JllM^O. 



If 771=0, or there is no variation with 0^ the impressed force 
may be circular, outside the cylinder, and varying as r"^. 

If m= 1, the impressed force may be transverse, within the 
cylinder, and of uniform intensity. 

77. Conducting tube, e circular, a function of and t. — 
This is merely chosen as the easiest extension of the last case. 
In it let there be two cylindrical surfaces of f, infinitely 
close together. They will cancel one another if equal and 
opposite, but if we fill up the space between them with a tube 
of c )nductance K per unit area, we get the case of e circular 
in tne tube, e varying with and t, and produce a discon- 
tinuity in H (which is still longitudinal, of course). Let Ea 
be the common value of E just outside and inside the tube ; 
^4-Ea is then the force of the flux in the substance of the 
tube, and 

Hi-H2=47rK(d + Ea) .... (399) 

the discontinuity equation, leads, by the use of (396) and the 
conjugate property of J^ and Gm as standardized in the last 
paragraph, through 



(1^ - 5^ _4^K)E«=47rKe 
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to the equation of Eg, viz. 

Ea= s ^^ , • . . (400) 

from which we see that it is J'^=0 that now makes the 
external field vanish. 

78. This concludes my treatment of electromagnetic waves 
in relation to their sources, so far as a systematic arrangement 
and uniform method is concerned. Some cases of a more 
mixed character must be reserved. It is scarcely necessary 
to remark that all the dielectric solutions may be turned 
into others, by employing impressed magnetic instead of 
electric force. The hypothetical magnetic copductor is re- 
quired to obtain full analogues of problems in which electric 
conductors occur. 

August 10, 1888. 
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The General Solvtion of Maxwell's Electromagnetic Equations 
in a Homogeneous Isotropic Medium^ espedally in regard 
to the Derivation of special Solutions, and the Formulcsfor 
Plane Waves. By Oliver Hbaviscdb. 

1. J^QUATWNS of the F«WJ.— Although, from the diffi- 
culty of applying them to practical problems, general 
solutions frequently possess little practical value, yet they may 
be of sufficient importance to render their investigation desi- 
rable, and their applications examined as far as may be prac- 
ticable. The first question here to be answered is this. Given 
the state of the whole electromagnetic field at a certain moment, 
in a homogeneous isotropic conducting dielectric medium, 
to deduce the state at any later time, arising from the initial 
state alone, without impressed forces. 

The equations of the field are, \i p stand for djdt, 

curlH = (4'7rA+c/?)E, (1) 

— curl E = (47r5r + ///?) H; .... (2) 

he first being Maxwell's well-known equation defining electric 
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current in terms of the mapietic force H, k being the electric 
conductivity and c/iir the electric permittivity (or permittance 
of a unit-cube condenser), and E the electric force ; whilst 
the second is the equation introduced by me* as the proper 
companion to the former to make a complete system suitable 
for practical working, p being the magnetic conductivity and 
/i the magnetic inductivity. This second equation takes the 
place of the two equations 

^ ^ H (3) 

curlA=^, J ^ ^ 

of Maxwell, where A is the electromagnetic momentum at a 
point and "^ the scalar electric potential. Thus "^ and A are 
murdered, so to speak, with a great gain in definiteness and 
conciseness. As regards g, however, standing for a physically 
non-existent quality, such that the medium cannot support 
magnetic force without a dissipation of energy at the rate 
^H^ per unit volume, it is only retained for the sake of ma- 
thematical completeness, and on account of the singular tele- 
graphic application in which electric conductivity is made to 
perform the functions of both the real k and the unreal g. 
Let 

pi = ^7rk/2cy p=Pi+p2, t? = {fic) "*. 

P3=47r^/2/x, a=pi'-p^, 

The speed of propagation of all disturbances is v, and the 
attenuating effects due to the two conductivities depend 
upon pi and /Oj, whilst a determines the distortion due to. 
conductivity. 

2. General Solutions, — Let g^ denote the operator 

52=-(rcurl)2 + o-«; (5) 

or, in full, when operating upon E for example, 

j2E=i?2v2E-rVdivE + cr«E. ... (6) 

Now it may be easily found by ordinary "symbolical'* 
work which it is not necessary to give, that, given Eq, Hq, the 
values of E and H when t — O, and satisfying (1) and (2), 
those at time t later are given by 



}. . (4) 



H=e-P'[(cosh gt+ ^sinh qt) H„- E^' . S^TiEpJ J 



(7) 



* " Electromagnetic Induction and its Propagation," the ' Electrician/ 
January 3, 1885, and later. 
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A sufficient proof is the satisfaction of the equations (1), 
(2), and of the two initial conditions. 
An alternative form of (7) is 

E=€-P*[cosh qt+ ^ (i> + p)]Eo, 

.J > . . (7 a) 

H=e-P'[cosh qt+ '^^ (i>+p)]Ho, 

showing the derivation of E from Eq and pEg in precisely the 
same way as H from Hq and pHo. In this form of solution 
the initial values of joEq and joHq occur. But they are not 
arbitrary, being connected by equations (1), (2). The form 
(7) is much more convenient, involving only Eq and Hq as 
functions .of position, although (7 a) looks simpler. The form 
(7) is also the more useful for interpretations and derivations. 

If, then, Eq and Hq be given as continuous functions ad- 
mitting of the performance of the differentiations involved in 
the functions of q^, (7) will give the required solutions. The 
original field should therefore be a real one, not involving 
discontinuities. We shall now consider special cases. 

3. Persistence or Subsidence of Polar Fields, — We see im- 
mediately by (7) that the E resulting from Hq depends solely 
upon its curl, or on the initial electric current, and, similarly, 
that the H due to Eq depends solely upon its curl, or on the 
magnetic current. Notice also that the displacement due to H^ 
is related to H^ in the same way as the induction -= — Arr due 
to Eq is related to Eq. Or, if it be the electric and magnetic 
currents that are considered, the displacement due to electric 
current is related to it in the same way as the induction 
-5-47r due to magnetic current is related to it. 

Observe also uiat in passing from the E due to Eq to the H 
due to Hq the sign of a is changed. 

By (7) a distribution of Ho which has no curl, or a polar 
magnetic field, does not, in subsiding, generate electric force ; 
and, similarly, a polar electric field does not, in subsiding, 
generate magnetic force. Let then Eq and Hq ^^ polar fields, 
in the first place. Then, by (5), 

that is, a constant, and using this in (7) we reduce the general 
solutions to 

E=Eo€-2pi*, H=Ho6-2a^ (8) 

The subsidence of the electric field requires electric conduc- 
tivity, that of the magnetic field requires magnetic conductivity; 
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but the two phenomena are wholly independent. The first of 
(8) is equivalent to Maxwell's solution*. The second is its 
magnetic analogue. 

Afi^ in the first case, there must be initial electrification^ so 
in the second, there should be " magnetification/' its volume- 
density to be measured by the divergence of the induction 
-4-47r. Now the induction can have no divergence. But it 
might have, if ^ existed. 

There is no true electric current during the subsidence of 
Eq, and there would be no true magnetic current during the 
subsidence of Hq. In both cases the energy is frictionally 
dissipated on the spot, or there is no transfer of energy f. The 
application of (8) will be extended later. 

4. Purely Solenoidal Fields. — By a purely solenoidal field 
I mean one which has no divergence anywhere. Any field 
vanishing at infinity may be uniquely divided into two fields, 
one of which is polar, the other solenoidal ; the proof thereof 
resting upon Sir W. Thomson's well-known theorem of De- 
terminancy. Now we know exactly what happens to the 
polar fields. Therefore dismiss them, and let Eq and H^ be 
solenoidal. Then 

^2=t;2V« + aS (9) 

where V* is the usual Laplacean operator. Of course cosh qt 
and q" ' sinh qt are rational functions of q^, so that if the dif- 
ferentiations are possible we shall obtain the solutions out of 

5. Non-distortional Cases. — Let the subsidence-rates of the 
polar electric and magnetic fields be equal. We then have 

(7=0 ?'=-(t^curl)S \ ^ (10) 

' p=4:7ri:/c=4:7rff/fi,j 

in the solutions (7). The fields change in precisely the same 
manner as if the medium were nonconducting, as regards the 
relative values at different places ; that is, there is no distor- 
tion due to the conductivities ; but there is a uniform subsi- 




according as cr is + or — . 



* Vol. i. chap. X. art. 326, equation (4). 

t This is of course obvious without any reference to Poynting's for- 
mula. The only other simple case of no transfer of energy which had 
been noticed before that formula is that of conduction-current, kept up by 
impressed force so distributed as to require no polar force to supplement it. 

X "Electromagnetic Waves," Part I. § 7, l*hil. Mag. February 1888. 
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■ 

The above applies to a homogeneous medium. But^ if in 

curl (H— li)=(47rA + cp)E, 1. . . (la) 

curl (e— E)=(47r^+/itp)H, i • . • (2 a) 

diflPering from (1), (2) only in the introduction of impressed 
forces e and h, we write 

(H, h, E, e) = (Hi, hi, El, eOe-p', 

we reduce them to 

curl (Hi -hi) =c(cr+;?)Ei •) 
curi(ei-Ei)=/i(-a-+;?)HiJ • * * v ^ 

and these, if a-=0, are the equations of a nonconducting 
dielectric. That is, 

p = Anrhlg—iirgjfi = constant 

is the required condition. Therefore c and /a may vary any- 
how, independently, provided k and g vary similarly*. The 
impressed forces snould subside according to e"'**, in order to 
preserve similarity to the phenomena in a nonconducting 
dielectric. 

Observe that there will be tailing now, on account of the 
variability of (ft/c)* or fiv. That is, there are reflexions and 
refractions due to change of medium. The peculiarity is that 
they are of the same nature with as without conductivity. 

6. First Special Case, — ^A special case of (11) is given by 
taking /A =0 and ^=0 ; that is, a real conducting dielectric 
possessing no magnetic inductivity, in which kjc is constant. 
K the initial field be polar, then 

E=Eoe-p', H=0 (12) 

This extension of Maxwell's before-mentioned solution I have 
given before, and also the extension to any initial field, 
and the inclusion of impressed forcesf. The theory of the 
result has considerable light now thrown upon it. 

If the initial field be arbitrary, the solenoidal part of the flux 
displacement disappears instantly, therefore (12) is the solu- 
tion, provided Eq means the polar part of the initial field; that 
is, Eo must have no curl, and the fiux cEo/47r must have the 
same divergence as the arbitrarily given displacement. 

Now an impressed force e produces a solenoidal fiux only. 
Therefore it produces its full effect and sets up the appropriate 

* In § 4 of the article referred to in the last footnote the property 
was described only in reference to a homogeneous medium. 

t " Electromagnetio Induction/' 'Electrician,' December 18, 1885, and 
January 1, 1886. 

Phil Mag. S. 5. Vol. 27. No. 164. Jan. 1889. D 
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steady flux instantaneously ; and all variations of e in time 
and in space are kept time to without lag by the conduction- 
current m spite of the electric displacement. 

This property is seemingly completely at variance with ideas 
founded upon me retardation usually associated with combi- 
nations of resistances and condensers. But, beiuff a special 
case of the nondistortional theory, we can now understand it. 
For suppose we start with a nonconducting dielectric, and put 
on e uniform within a spherical portion thereof, and send out 
an electromagnetic wave to infinity and set up the steady flux. 
On now removing e, we send out another wave to infinity, 
and the flux vanishes. Now make the medium conducting, 
with both conductivities balanced, as in TIO). Starting with 
the sa^e steady flux, its vanishing will take place in the same 
manner precisely, but with an attenuation factor c"***. Now 

fraduallv reduce g and /i at the same time, in the same ratio, 
he vamshing of the flux will take place faster and faster, 
and in the limit, when both /^ and g are zero, will take place 
instantly, not by subsidence, but by instantaneous transference 
to an infinite distance when the impressed force is removed, 
owing to V being made infinite. 

7. Second Special Case. — There is clearly a similar property 
when A=0 and c= 0, that is, in a medium possessing mag- 
netic inductivity and conductivity, but deprived of the electric 
correspondences. Thus, when g]^ is constant, the solution 
due to any polar field Ho is 

H=Ho€-p^ E=0; .... (13) 

wherein p = iirg/fju. But a solenoidal field of /jlE disappears at 
once, by instantaneous transference to infinity. Thus any 
varying impressed force h is accompanied without delay by 
the corresponding steady fiux, the magnetic induction. 

When the inertia associated with fi is considered the result 
is rather striking and diflScult to understand. It appears, 
however, to belong to the same class of (theoretical) pheno- 
mena as the following. If a coil in which there is an electric 
current be instantaneously shunted on to a second coil in 
which there is no current, then, according to Maxwell, the 
first coil instantly loses current and the second gains it, in 
such a way as to keep the momentum unchanged. Now we 
cannot set up a current in a coil instantly, so that we have a 
contradiction. But the disagreement admits of easy re- 
conciliation. We cannot set up current instantly with a 
finite impressed force, but if it be infinite we can. In the case 
of the coUs there is an electromotive impulse, or infinite elec- 
tromotive force acting for an infinitely short time, when the 
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coils are connected^ with corresponding instantaneous changes 
in their momenta. A loss of energy is involved. 

It is scarcely necessary to remark that the true physical 
theory involves other considerations on account of the dielectric 
not being infinitely elastive and on account of difiusion in 
the wires ; so that we have sparking and very rapid vibrations 
in the dielectric. The energy which is not wasted in the 
sparky and which would go out to infinity were there no con- 
ducting obstacles, is probably all wasi;ed practically in the 
heat of conduction-currents in them. 

8. Impressed Forces. — Given initially Eq and Hqj ^^ know 
that the diverging parts must either remain constant or sub- 
side, and are, in a manner, self-contained ; but the solenoidal 
fields, which would give rise to waves, may be ke^t from 
changing by means of impressed forces 60 and ho. Thus let 
Eq and Ho Be solenoidal. To keep them steady we have, in 
equations (1), (2), to get rid of pk and joH. Thus 

curl (Ho -ho) = 47rAEo, -^ 

curl (eo-Eo)=47r5rHo, J ' * * * ^ ^^ 

are the equations of steady fields Eo and Hq, these being the 
forces of the fluxes. Or 

curlho=curlHo— 47riEo, 1 .-. v 

curl eo=curlEo + 47r^Ho, J * * • v 

gives the curls of the required impressed forces in terms of 
the given fluxes, and any impressed forces having these curls 
will suffice. 

Now, on the sudden removal of 60, ho, the forces Eo, Hq, 
which had hitherto been the forces of the fluxes, become, in- 
stantaneously, the forces of the field as well. That is, the 
fluxes themselves do not change suddenly, except in such a 
case as a tangential discontinuity in a flux produced at a sur- 
face of curl of impressed force when, at the surface itself, the 
mean value will be immediately assumed on removal of the 
impressed force. We know, therefore, the effects due to 
certain distributions of impressed force when we know the 
result of leaving the corresponding fluxes to themselves with- 
out impressed force. It is, however, the converse of this that 
is practically useful, viz. to find the result of leaving the fluxes 
without impressed force by solving the problem of the esta- 
blishment of the steady fluxes when the impressed forces are 
suddenly started ; because this problem can often be attacked 
in a comparatively simple manner, requiring only investigation 
of the appropriate functions to suit the surfaces of curl of the 

D2 
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impressed forces. The remarks in this paragraph are not 
limited to homogeneity and isotropy. 

9. Solutions for Plane Waves, — li we take z normal to the 
plane of the waves, we may suppose that both E and H have 
X and y components. This is, however, a wholly unnecessary 
mathematical complication, and it is sufficient to suppose that 
E is everywhere parallel to the a?-axis and H to the y-axis. 
The specification of an initial state is therefore Eq, Hq, the 
tensors of E and H, given as functions of z\ and the equations 
of motion (1), (2) become 

dE L . . . (15) 

--^ = (47r5r+/Ap)H. ) 

Now the operator q^ in (5) becomes 

y2=^y2^^. (16) 

where by V we may now understand didz simply. Therefore, 
by (7), the solutions of (15) are 

E=e-p'[(cosli qt- ^ sinh ^) B,- ^^^^^ Ho] . 

H=e-p'[(co8h qt+ "- sinh <^^^- ^^^^l-S,^. 

When the initial states are such as ae**, or a cos hz^ the reali- 
zation is immediate, requiring only a special meaning to be 
given to y in (17) . But with more useful functiois as ae~**', 
&»., &c., there is much work to be performed in effecting the 
diflFerentiations, whilst the method fails altogether if the initial 
distribution is discontinuous. 

But we may notice usefully that when Eq and Hq are 
constants the solutions are 

E=€-2pi^Eo, H=6-2p«'Ho, . . . (18) 

which are quite independent of one another. Further, since 
disturbances travel at speed v, (18) represents the solutions in 
any region in which Eq and Hq are constant, from <=0 up to 
the later time when a disturbance arrives from the nearest 
plane at which Eq or Hq varies. 

10, Fourier Integrals. — Now transform (17) to Fourier 
integrals. We have Fourier's theorem, 

1 /** /** 
/(«)= — ! j f{a)<ioam.{z—a)dmda, . . (19) 



(17) 
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and therefore 

^(V0/(^)= ^ f "f * /(a)^(-m») cos m(^-a) dmda;(20) 
applying which to (17) we obtain 

E = — j I dmda j Eq cos m(^;— a)r cosh sinh j qt 

, Ho . . V sinh qf] 
+ --^m sin m^z-^a) ^ . 

' * ^(2IJ 

H = j 1 dmda VKr^ cos m{z — a)( cosh + - sinh j qt 

, Eo . , X sinh qtl 
H — ^m sin m(;2?— a) ^ I . 

in which, by (16), 

53=cr2-mV, (22) 

and Eq, Ho are to be expressed as functions of a, whilst E and 
H belong to z. Discontinuities are now attackable. 

The integrations with respect to m may be effected. In 
fact, I have done it in three different ways. First by finding 
the effect produced by impressed force. Secondly, by an 
analogous method applied to (17), transforming the differen- 
tiations to integrations. Thirdly, by direct integration of 
(21) ; this is the most difficult of all. The first method was 
given in a recent paper* ; a short statement of the other two 
methods follows. 

11. Transformation of (17). — In (17) we naturally consider 
the functions of qt to be expanded in rising powers of g^j and 
therefore of V^^ leading to differentiations to be performed 
upon the initial states. But if we expand them in descending 
powers of V? we substitute integrations, and can apply them 
to discontinuous initial distribution. 

The following are the expansions required : — 

* " Electromagnetic Waves," Phil. Mag. October 1888. 
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where the U's are functions of (rVO"*^ given by 

^' ^ L 2t?tV 2.4. (t?(V)' 



k24) 



2.4.6 (r^V)' J' 

being in fact identically the same functions of vt^ as those 
of r which occur in the investigation of spherical waves. 
Arranged in powers of a^ajv^y we have 



where 



€«* :s 6*^ (1 
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The following properties of the 5r*8 and /t's are asefol. 
Understanding that g^ and A^ are unity, we have 

gr,+ <r<^,+,+ -i-T5i-^,+a+ ...=0 when r is odd, 

^ St (<rtt) 
and when r is even, =1 . 3 . 5 ... (r— 1) (— 1)» -^ 



W28) 



except r=0, when 



r 



= Jo((rtt). 



r 



I 
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A,+<rtA,+j+^\+.+ ... = (-l)'+'«rt;^^, . (29) 
except when r=0^ which case is not wanted. Now if 

e«'(l+—)=6^ (!+«/,+«%+ ...)»• . (30) 

the/'s* -will be given by (25), viz. 

/o=l, /i=5'o+*i» fi=9i+K&(^-i • • (31) 

and the properties of the/'s corresponding to (28), (29) are 



l 



and 



i..±1.3.5...(r-2) 



=0 when r is even, except j J 
Jr-i{att) -^iSr^ijatt) 



(32) 



2 



r-l 



> • • 



(33) 



when r is odd, with the + sign for r=l, 5 9, . . . , and the 
— sign for the rest. The first case in (32), of r=0, is very 
important. Bat in case r=l^ the coefficient in (33) is +1 ; 
thns, 

= (Jo— eJi)(<rt*). 

12. Special Initial States. — ^Now let there be an initial 
distribution of Hq only, so that, by (17), 

H = e"***! cosh + - sinh jy^ . Hq, i 

. ^^ ? • . (34) 

q c ^ ^ 

by (17). Let Hq be zero on the right side and constant on 
tne left side of the origin, and let us find H and E at a point 
on the right side. The operator ^^ is inoperative, so that, 
by (30), 

H=ie-*'e-«^(l-«/i +«%-«»/,+... )Ho, ]_ ^35. 
the inunediate integration of which gives 



* These /*& are fhe same as in my paper " On Electromagnetic Waves,' 
8, PhO. Mag. February 1888 ; but « tnere is <r here. 



40 Mr. 0. Heaviside on Maxwell's Electromagnetic 

H=iH^-"{l+«^/x(l-^)+^/,(l-S)'+...}» . 

(36) 



E=iAM>Hoe-'^| 






To obtain the E dae to Eq constant from ess — oo to 0, use the 
first of (36) ; change H to E, Ho to Eq, and change the sign of 
cr, not forgetting in the/'s. To obtain the corresponding H due 
to Eq, use the second of (36) ; change E to H, Ho to Eq^ ^^^ 
fiU> c. So 

B=iB..-{l-<,(l-i)+<fA(l-i)'-...}, , ^^^^ 



H=icrBoe-p*|l+«rtir,(l- ^) 






where the accent means that the sign of a is changed in the/'s. 
From these, without going any further, we can obtain a 
general idea of the growth of the waves to the right and left 
of the origin, because the series are suitable for small values 
of at. But, reserving a description till later, notice that E in 
(36) and H in (37) must be true on both sides of the origin; on 
expanding them in powers of z we consequently find that the 
coefficients of the odd powers of z vanish, by the first of (28), 
and what is left may be seen to be the expansion of 

E=iMrHo6-'^Jo[^(^'-»'*'*)*], • • (38) 
the complete solution for E due to Hq. Similarly, 

H=ici;Eo€-p'Jorj(;2«-r20*] • • • (39) 

is the complete solution for H due to Eq. In both cases the 
initial distribution was on the left side of the origin ; but, if 
its sign be reversed, it may be put on the right side, without 
altering these solutions. 

Similarly, by expanding the first of (36) and first of (37) 
in powers of z we get rid of the even powers of z, and produce 
the solutions given by me in a previous paper*, which, how- 
ever, it is needless to write out here, owing to the complexity. 

13. Arbitrary Initial States. — Knowing the solutions due 
to the above distributions, we find those due to initial ^oda at 
the origin, or Hofia, by difierentiation to z ; and for this we 
do not need the firsts of (36) and (37) but only the seconds. 

* « Electromagnetic Waves,*' § 8 (Phil. Mag. Feb. 1888). 
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The results bring the Fourier integrals (21) to 

,jr(H,l±2-Sv},,,,,*.].J 
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(40) 



where 



p-djdU V-d\dz, y=-{(^-a)2-t?2^2p^ 



Another interesting form is got by the changes of variables 

W=ie''(B + MrH), tc=z + r<./ * ' ^ ' 
These lead to 

U„,=U..,+JJUo|^-^W„)jo{^(«-a)i(tr-a)»}da, 

W..,=W«,.-JJW„|^ +^Uo)jo|^ («-a)*(w-a)*}ja. 
The connexions and partial characteristic of U or W dte 

/"=-(0n,(«) 

and this characteristic has a solution 

where m is any + integer, and in which the sign of the ex- 
ponent may be reversed. We have utilized the case m=0 
only. 

14. Evaluation of Fourier Integrals. — The effectuation of 
the integration (direct) of the original Fourier integrals will 
be found to ultimately depend upon 

|J%osmz^rfm=ijo[f (.'-««.«)»], . (45) 



dW _ <r^ 

dw ~ 2v ' 



du 2v ' dudw 



provided vt > Zy where, as before, 



(42) 



42 Mr. 0. Heaviftide on Maxwell's Electromagnetie 
By eqiiating coefBcients of powers of z* in (45) we get 
2 f sinh qt _^^ 1.8.5. (2r- 1) J,(<rt») . g. 

except with rsO; then 

1 

To prove (45), expand the q ftmction in powers of <r'. 
Thus, symbolicaUy written, 

8inhj<^^,^-,ysinm«<\ _ _ .47) 
q \ mv r 

the operand being in the brackets, and p'"^ meaning integra- 
tion from to ^ with respect to U Thus, in full, 

2 C sinh at :, 2 f* fsin mvt . a^ C*Anmvt ,^ 

— 1 cos mz — am= —1 cos mz\ h -k- I * «^ 

wj q irj^ L mv 2J^ mv 

+ ^^r,d^nd*5E!?yL*+...]rf^. . (48) 
2 4J^ Jo ^v J 

Now the value of the first term on the right is 

-9 -, or 0, 

when;? is <, =, or >vL 

Thus, in (48) if 2;>r^, since first term vanishes, so do all the 
rest, because their values are deduced from that of the first by 
integrations to t, which during the integrations is always < z/v. 
Therefore the value of the left number of (45) is zero when 
z>vt In another form, disturbances cannot travel faster 
than at speed r. 

But wnen z<iyt in (48), it is clear that whilst i! goes from 
to < or from to z/v, and then from z/v to t, the first integral 
is zero from to z/v, so that the part z/v to t only counts. 
Therefore the second term is 



JrC^tBinmvt ^1 , 2<72r« ^ r* einrnvt. 
cosine; 1 dt\dm=—-^\ tat\ cosmz dm 
Lje mv J w z je J mv 

9 « * 



2 a^ 

— TT 1 COS mz 

IT 2 



2 .1 »2«V W 

The third is, similarly, 

V 2« 4 J. H' t»«r' V 2«4«r W ' 



V 



Equations in a Homogeneous Isotropic Medium. 43 

and so on, in a unifonn manner, thus proving that the suc- 
cessive terms of (48) are the successive terms of the expansion 
of (45) (right number) in powers of o-*; and therefore 

proving (45). 

The following formulae occur when the front of the wave is 
in question, where caution is needed in evaluations : — 

coshcrt— i=-'j coah qt dniy . . (49) 



sinho^ 



^2psinmi^smhyf^^_ . (50) 
ttJ^ m q 



15. Interpretation of Results. — Having now given a con- 
densation of the mathematical work, we may consider, in 
conclusion, the meaning and application of the formulsB. In 
doing so, we shall be greatly assisted by the elementary theory 
of a telegraphic circuit. It is not merely a mathematically 
analogous theory, but is, in aU respects save one, essentially 
the same theory, physically, and the one exception is of a 
remarkable character. Let the circuit consist of a pair of 
equal parallel wires, or of a wire with a coaxial tube for the 
return and let the medium between the wires be slightly 
conducting. Then, if the wires had no resistance, the problem 
of the transmission of waves would be the above problem of 
plane waves in a real dielectric, that is, with constants /a, c, 
and k but without the magnetic conductivity; i. e. ^=0 in 

the above. 

The fact that the lines of magnetic and electric force are no 
longer straight is an unessential point. But it is, for conve- 
nience best to take as variables, not the forces, but their 
line-integrals. Thus, if V be the line-integral of E across the 
dielectric between the wires, V takes the place of E. Thus 
kE the density of the conduction-current, is replaced by 
KV where K is the conductance of the dielectric per unit 
length of circuit, and cE/47r, the displacement, becomes SV, 
where S is the permittance per unit length of circuit. The 
density of electric current cpE/iir is then replaced by SpV. 
Also SV is the charge per unit length of circuit. 

Next take the line-integral of H/47r round either conductor 
for magnetic variable. It is C, usually called the current in 
the wires. Then /aH, the induction, becomes LC ; where LC 
is the momentum per unit length of circuit, L being the 
inductance, such that LSu*=/^v*=l. 

A more convenient transformation (to minimize the trouble 

with 47r's) is 

^toV, ^t^L^ ^toS, 47rAtoK. 
H to vj 
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Now, lastly^ the wires have resistance, and this is without 
any representation whatever in a real dielectric. But, as I 
have before shown, the eflFect of the resistance of the wires in 
attenuating and distorting waves is, to a first approximation 
'ignoring the efiects of imperfect penetration of tne magnetic 
ield into the wires), representable m the same manner exactly 
as the corresponding efiects due to d^ the hypothetical mag- 
netic conductivity of a dielectric*. Thus, in addition to the 
above, 

4irg becomes B, 

B being the resistance of the circuit per unit length. 

16. In the circuit, if infinitely long and perfectly insulated, 
the total charge is constant, llis property is independent of 
the resistance of the wires. If there be leakage, the charge 
Q at time t is expressed in terms of the initial charge Qo by 

independent of the way the charge redistributes itself. 

In the general medium, the corresponding property is per- 
sistence of displacement, no matter how it redistributes itself, 
provided k be zero, whatever g may be. And, if there be 
electric conductivity. 



r Ddz=:(\ Do dA e-^'^**/^. 



where Dq is the initial displacement, and D that at time <, 
functions of z. 

In the circuit, if the wires have no resistance, the total 
momentum remains constant, however it may redistribute 
itself. This is an extension of Maxwell's well-known theory 
of a linear circuit of no resistance. The conductivity of the 
dielectric makes no difierence in this property, though it 
causes a loss of energy. When the wires have resistonce, 
then 

pLCd0=( r LGo dzy-'^f^ 

expresses the subsidence of total momentum ; and this is 
independent of the manner of redistribution of the magnetic 
field and of the leakage. 

In the general medium, when real, the corresponding pro- 
perty is persistence of the induction (or momentum) ; and 
when g is finite, 

* « Electromagnetic Waves," § 6 (Phil. Mag. Feb. 1888). 
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In passing, I may remark that, in my interpretation of 
Maxwell's views, it is not his vector-potential A, the so-called 
electrokinetic momentum, that should have the physical idea 
of momentum associated with it, but the magnetic induction B. 
To illustrate, consider Maxwell's theory of a linear circuit of 
no resistance, the simplest case of persistence of momentum. 
We may express the fact by saying that the induction through 
the circuit remains constant, or that the line-integral of A 
along or in the circuit remains constant. These are perfectly 
equivalent. Now if we pass to an infinitely small closed 
circuit, the line-integral of A becomes B itself (per unit area). 
But if we consider an element of length only, we get lost at 
once. 

Again, the magnetic energy heing associated with B, 
(and H), so should be the momentum. 

Suppose also we take the property that the line-integral of 

—A is the E.M.F. in a circuit, and then consider —A as the 
electric force of induction at a point. Its time-integral is A. 
But this is an electromotive impulse, not momentum. 

Lastly, whilst B (or H) defines a physical property at a 
point, A does not, hut depends upon the state of the whole 
field, to an infinite distance. In fact it sums up, in a certain 
way, the effect which would arise at a point from disturhances 
coming to it from all parts of the field. It is therefore, like 
the scalar electric potential, a mathematical concept merely, 
not indicative in any way of the actual state of the medium 
anywhere. 

The time-integral of H, whose curl is proportional to the 
displacement, has equal claims to notice as a mathematical 
function which is of occasional use for facilitating calculations, 
but which should not, in my opinion, be elevated to the rank 
of a fundamental quantity, as was done by Maxwell with 
respect to A. 

Independently of these considerations, the fact that A has 
often a scalar potential parasite, and also the other function, 
causes sometimes great mathematical complexity and indi- 
stinctness ; and it is, for practical reasons, best to murder the 
whole lot, or at any rate merely employ them as subsidiary 
functions. 

17. Returning to the telegraph-circuit, let the initial state 
be one of uniform V on the whole of the left side of the origin, 
V=0 on the right side, and C = everywhere. The diagram 
will serve to show roughly what happens in the three principal 
cases. 

First of all we have ABOD to represent the curve of Vq, 
the origin being at C. When the disturbance has reached Z, 



46 Mr. 0. Heaviside on Maxwell's Electromagnetic 

that is when *=CZ/v, the curve isAllllZ f there be no 
leikage^ when B and L are such that e"^* s^. At the 




origin V=iVo, at the front V=JVo, and at the back 

Now introduce leakage to make R/L=K/S. Then 
2 2 2 2 1 Z shows the curve of V, provided e"^'/^ =i. We 
have V=iVo on the left, and V=iVo in the rest 

Thirdly, let the leakage be in excess. Then, when Vq has 
fallen, by leakage only, to JVq on the left, the curve 3 3 3 3 1 Z 
shows V; it is ^yVo at the origin, — jVo at the back, and 
JVq at the front. 

Of course there has to be an adjustment of constants to 

make € ^*^ *® be the same J in all cases, viz. the attenua- 
tion at the front. 

18. Precisely the same applies when it is Co that is initially 
given instead of Vq, provided we change the sign of <r. That 
is, we have the curve 1 when the leakage is in excess, and the 
curve 3 when the leakage is smaller tnan that required to 
produce nondistortional transmission. 

19. Now transferring attention to the general medium, if 
we make the substitution of magnetic conductivity for the 
resistance of the wires, the curve 1 would apply when it is Eq 
that is the initial state and g in excess, and 3 when it is defi- 
cient ; whilst if Hq is the initial state, 1 applies when g is 
deficient, and 3 when in excess. But g is really zero, so we 
have the curve 1 for that of H and 3 for that of E. 

This forcibly illustrates the fact that the diffusion of charge 
in a submarine cable and the diffusion of magnetic disturb- 
ances in a good conductor, though mathematically analogous, 
are physically quite different. They are both extreme cases 
of the same theory ; but they arise by going to opposite ex- 
tremities ; with the peculiar result that, whereas the time- 
constant of retardation in a submarine cable is proportional to 
the resistance of the wire, that in the wire itself is proportional 
to its conductivity. 

20. Going back to the diagram, if we shift the curves bodily 
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through unit distance to the left^ and then take the difference 
between the new and the old curves, we shall obtain the curves 
showing how an initial distribution of V or C through unit- 
distance at the origin divides and spreads. In the case of 
curve 2f we have clean splitting without a trace of diffusion. 
In the other cases there is a diffused disturbance left behind 
between the terminal waves, positive in case 1, negative in 
case 3. But I have sufficiently described this matter in a 
former paper*. 

October 18, 1888. 



Postscript. 

On the Metaphysical Nature of the Propagation of tlie 

Potentials. 

At the recent Bath Meeting of the British Association there 
was considerable discussionf in Section A on the question of 
the propagation of electric potential. 1 venture therefore to 
think that the following remarks upon this subject may be of 
interest. 

According to the way of regarding the electromagnetic 
quantities I have consistently carried out since Janaary 1885j 
the question of the propagation of^ not merely the electric 
potential ^, but the vector potential A, does not present 
itself as one for discussion ; and, when brought forward, 
proves to be one of a metaphysical nature. 

We make acquaintance, experimentally, not with potentials, 
but with forces, and we formulate observed facts with the 
least amount of hypothesis, in terms of the electric force E 
and magnetic force H. In Maxwell^s development of Fara- 
day's views, E and H actually represent the state of the 
medium anywhere. (It comes to the same thing if we con- 
sider the fluxes, but less conveniently in general.) Granting 
this, it is perfectly obvious that in any case of propagation, 
since it is a physical state that is propagated, it is E and H 
that are propagated. 

Now, in a limited class of cases, E is expressible as — V^« 
Considerations of mathematical simplicity alone then direct 
the mathematician's attention to '^ and its investigation, 
rather than to that of E directly. But when this is possible the 
field is steady, and no question of propagation presents itself 

♦ " Electromaffnetic Waves/' § 7 (Phil. Mag. Feb. 1888). 
t See Prof. Lodge's " Sketch of the Electrical Papers read in Section A," 
the ' Electrician/ September 21 and 28, 1888. 



48 Mr. 0. Heaviside on Maxwell^s Electromagnetic 

(except in the very artificial form of balanced exchanges). 
When there is propagation^ and H is inyolved, we have 

Now this is, not an electromagnetic law specially, but strictly 
a truism, or mathematical identity. It becomes electromag- 
netic by the definition of A, 

curl A=:/iH, 

leaving A indeterminate as regards a diverging part, which, 
however, we may merge in — V^^ Supposing, then, A and 
^ to become fixed in this or some other way, the next ques- 
tion in connexion with propagation is. Can we, instead of the 
propagation of E and H, substitute that of '9 and A, and 
obtain the same knowledge, irrespective of the artificiality 
of "9^ and A ? The answer is perfectly plain — ^we cannot do 
so. We could only do it if ^, A, given everywhere, found E 
and H. But they cannot. A finds H, irrespective of ^, but 
both together will not find E. We require to know a third 

vector, A. Thus we have ^, A, and A required, involving 
seven scalar specifications to find the six in E and H. Of these 
three quantities, the utility of A is simply to find H, so that 
we are brought to a highly complex way of representing the 

propagation of E in terms of "9 and A, giving no information 
about H, which is, it seems to me, as complex and artificial 
as it is useless and indefinite. 

Again, merely to emphasize the preceding, the variables 
chosen should be capable of representing the energy stored. 
Now the magnetic energy may be expressed in terms of A, 
though with entirely erroneous localization ; but the electric 
energy cannot be expressed in terms of '^. Maxwell (chap, 
xi. vol. ii.) did it, but the application is strictly limited to 
electrostatics ; in fact. Maxwell did not consider electric 
energy comprehensively. The full representation in terms of 
potentials requires ^ and Z, the vector-potential of the mag- 
netic current. [This is developed in my work " On Electro- 
magnetic Induction and its Propagation," Electrician, 1885.] 
This inadequacy alone is sufficient to murder "9^ and A, con- 
sidered as subjects of propagation. 

Now take a concrete example, leaving the abstract mathe- 
matical reasoning. Let there be first no E or H anywhere. 
To produce any, impressed force is absolutely needed. Let it 
be impressed e, and of the simplest type, viz. an infinitely 
extended plane sheet of e of uniform intensity, acting nor- 
mally to the plane. What happens ? Nothing at all. Tet 



